FINITE DIMENSIONAL REPRESENTATIONS OF DAHA 
AND AFFINE SPRINGER FIBERS : THE SPHERICAL CASE 



M. Varagnolo, E. Vasserot 

Abstract. We classify finite dimensional simple spherical representations of rational 
double affine Hecke algebras, and we study a remarkable family of finite dimensional 
simple spherical representations of double affine Hecke algebras. 



Introduction 

Double affine Hecke algebras, DAHA for short, have been introduced by Chered- 
nik about f5 years ago to prove MacDonald conjectures. The understanding of 
their representation theory has progressed very much recently, in particular by the 
classification of the simple modules in the category O in [Vf ] (when the parameters 
are not roots of unity) . The latter is very similar to Kazhdan-Lusztig classification 
of simple modules of afhne Hecke algebras. One can show that any simple module 
in the category O is the top of a module induced from an affine Hecke subalgebra. 
See A. 3. 6 below. However, the representation theory of DAHA has some specific 
feature which has no analogue for affine Hecke algebras. For instance, it is very 
difficult to classify the finite dimensional simple modules. 

This can be approached in several ways. The DAHA, denoted by H, admits two 
remarkable degenerated forms. The first one, the degenerated DAHA, denoted by 
H', is an analogue of the degenerate Hecke algebras introduced by Drinfeld and 
Lusztig. Its representation theory is more or less the same as that of H. See [VV], 
[LI]. The second one has been introduced by Etingof and Ginzburg in [EG] and is 
called the rational DAHA (or rational Cherednik algebra). We'll denote it by H". 

It has been believed, see [BEG] for instance, that finite dimensional representa- 
tions of H" and H are the same. A little attention shows that indeed the category 
of finite dimensional H"-modules embeds strictly into the category of finite dimen- 
sional H-modules. While the parametrization of isomorphism classes of spheri- 
cal finite dimensional simple H"-modules involves only one rational number, see 
2.8.2(c), the parametrization of isomorphism classes of spherical finite dimensional 
simple H-modules involves also some irreducible local system, coming from the 
Langlands parameters in [VI] . It is not difficult to find examples of finite dimen- 
sional H-modules which are not H"-niodules, sec 2.3.5 below. After this paper was 
writen we have had a discussion with P. Etingof who has been able to prove how 
to recover the missing representations. See [E] for details. 

In this paper we concentrate on the spherical finite dimensional modules. The 
case of non spherical modules can probably be done with similar techniques. We'll 
come back to this elsewhere. The paper contains two main results. 
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First wc classify all spherical finite dimensional simple H"-modules in Theorem 
2.8.1. Since the finite dimensional simple H"-modules belong to the category O, 
each of them is the top of a standard module. The spherical one are the top of 
a polynomial representation (= a standard module induced from the trivial repre- 
sentation of the Weyl group). So they are labelled by the value of the parameter 
of H", which is a rational number c = k/m with {k,m) = 1 and m > 0. Surpris- 
ingly, the classification we get is extremely simple and nice. The spherical finite 
dimensional simple modules correspond to the integers k, m such that fc < and 
m is an ellipic number, i.e., the integer m is the order of an elliptic element of the 
Weyl group which is regular in Springer's sense. For instance, in type £^8 there are 
12 elliptic numbers. The only known cases before were the case where m is the 
Coxeter number in arbitrary type, and the dihedral types (in particular all rank 
2 types). Notice that in this paper we assume that H" is crystallographic with 
equal parameters. The proof is as follows. Any simple spherical finite dimensional 
H"-module M" has also the structure of a simple spherical H-module, denoted by 
M. The algebra H" has two remarkable polynomial subalgebras, yielding, under 
induction, two representations. They are called the polynomial representations. A 
spherical finite dimensional H"-module is a quotient of both polynomial represen- 
tations. Using this, one can identify M with the top of a standard H-module with 
explicit Langlands parameters. See [VI] for the terminology. A case by case anal- 
ysis using the Fourier-Sato transform of perverse sheaves shows that this explicit 
module is finite dimensional precisely when rn is elliptic. 

The classification of all spherical finite dimensional simple H-modules may be 
deduced from the knowledge of the spherical finite dimensional simple H"-modules. 
Another question is to understand the representation of H in the homology of the 
(elliptic homogeneous) affine Springer fibers. They enter in the geometric construc- 
tion of H in [VI] . The homology of affine Springer fibers is difficult to compute in 
general. We describe explicitely all the spherical Jordan-Holder factors (modulo a 
technical hypothesis). This classification involves interesting combinatorial objects 
which already appear in local Langlands correspondence for p-adic groups. See 
[R2], [R3] for the combinatorial aspects, and [R4], [GR], [DR] for the representa- 
tion theoretic aspects. Affine Hecke algebras are related to unramified Langlands 
correspondence via Bernstein's functor. DAHA's seem to be related to the tamely 
ramified correspondence. 

More precisely, let A: be a non- Archimedean local field of characteristic zero with 
residue field t = ¥q. Fix an algebraic closure k of k. Let K be the maximal 
unramified extension of k in k, and Kt be the maximal tame extension of K in k. 
The reduction map yields an exact sequence 

1 ^ Tt ^ Gal(Xt, k) ^ Gal(!, £) ^ 1, 

where It is the tame inertia subgroup. Let F e Gail{Kt,k) be a lifting of the 
Probenius element in Gal(4, t). The tame Weil group Wt C Ga.l{Kt, k) is isomorphic 
to the semi-direct product {F) k It, where {F) is the subgroup generated by F and 

F^F-^ = 7?, V7 G It. 

The tame Weil-Deligne group is the semi-direct product W't = Wt ix C, where Wt 
acts on 2 G C as follows 



FzF ^ = qz, 72:7 ^ = z, V7 e It- 
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Let G be a split connected simple group-fc-scheme of adjoint type. Each contin- 
uous cocycle c : Gal(fc/fc) G yields a new fc-stnicturc Gc on G. If c,c' define 
the same class in the Galois cohomology group H^{k, G), then the group-fc-schemes 
Gc, Gc' are isomorphic. The group-fc-schemes G^,, with w G H^{k,G), are called 
the pure inner forms of G. 

The Langlands dual group of G is a complex Chevalley group Gc . Let Go , Tq be 
the sets of C-points of Gc and of a maximal torus Tc C Gc. Let Xq be the group 
of characters of the torus Tq, Yq be the root lattice, and Wq be the Weyl group. 

A tamely ramified Langlands parameter (or TRLP) is a continuous homomor- 
phism 

ip-.W^^ Go. 

Assume that is a regular eUiptic TRLP (or ERTRLP), i.e., that ZGo{ip{It)) is a 
maximal torus and that ZGo{ipiWt)) is finite. Since tp is continuous, its restriction 
to Tt factors through the group of units of a finite extension of 4. Thus fiTt) is the 
cyclic group generated by a regular semisimple element of order prime to q. Set 
Uif, — (p{F). Since (p vanishes on the subgroup C C W^, it is uniquely determined 
by the pair {s^,n^). After conjugating by Go, we may assume that ZGo{<p{It)) 
equals Tq. Then n,^ G Ngo{To), and its image in Wq satisfies the relation 
'^fs^ = s^. Let T03S C To be the subset consisting of regular semisimple elements. 
The assignement (p 1-^ {s,^,w,^) is a bijection from the set of Go-conjugacy classes 
of ERTRLP's to the set of Wo-conjugacy classes of pairs (s, w) G Tq^rs x Wq such 
that 

'"(s«) = s. To"' is finite. 

Notice that if m = o{w) then we have s'^"^ = s. See [DR, rem. 4.1.1] for details. To 
simplify we'll assume that w is regular and elliptic. 

According to Langlands correspondence, to the Go-conjugacy class of (p should 
correspond a L-packet 7r((/?) of supercuspidal complex representations of the pure 
inner forms of G. More precisely, let Irr(T^'^) be the group of irreducible characters 
of the finite Abelian group T^*" . DeBacker and Reeder construct a i-packet 

7r(v) = {7r(^,p);pGlrr(To'"-)}. 

A theorem of Kottwitz implies that 

H\k,G)=lvv{Z{Go)). 

Thus, restricting a character to the center .^(Gq) we get a map 

such that Tr{(p, p) is a representation of the pure inner form G^^. Observe that 

Irr(To"'')~Xo/(l-«;^)Xo. 

Thus, if /9 G ^o/(l — w^)Xo then 7r((p, p) is a representation of the group G. 

Recall that Go-conjugate triples {s^,n^,p) should yield isomorphic representa- 
tions of G. Indeed, it is proved in [R4] that we have the following equivariance 
property 

TT{s^,n^,p) = 7r('"s<^,n<^,"'p), \/w G Zwo{w,p). 
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Thus the depth-zero supercuspidal complex representations of G we get arc labched 
by the pyo-conjugacy classes of triples (s, w, p) with s, w as above and p e lo/(l — 
Wif,)XQ. In other words, to each Wo-conjugacy class of pairs (w, [p]) where w e Wq 
is regular elliptic and [p] is a Zw{w)-ovh\t in lo/(l — w)Xq is attached a set of 
cuspidal representations of G. 

We prove in 3.3.1, 3.3.6 below that the set of isomorphism classes of finite dimen- 
sional simple spherical H-modules which are Jordan-Holder composition factors of 
the homology of an elliptic affine Springer fiber decomposes into families labelled 
by conjugacy classes of regular elliptic elements in Wq. We also prove that the 
simple modules in the family corresponding to the Wo-orbit of w are labelled by a 
positive integer k which is prime to the order of w and a Zw{w)-ovh\t in the set 
Yq/{1 — w)Xo. This coincidence is certainly not a 'hasard'. In particular, it raises 
the following interesting problem. 

Question. What is the p-adic interpretation of the dimension of the finite dimen- 
sional simple spherical H-modules ? 

More precisely, given the conjugacy class of an elliptic regular element w S Wq 
of order m, a positive integer k prime to m, and a Z\Y{w)-OT:hit [p] in Yo/{l — w)Xo, 
we have a finite dimensional simple H-module L^^i.,[p\ - By 3.4.2 below we have 

dini(i„,fe,[p]) = A;"c;„_[p], 

where n is the rank of Gq and dm.[p] is a positive integer which depends only on 
m and [p]. Now, fix a ERTRLP ip such that w,p = w and an element p £ [p]. 
We expect that the integer q"dm,[p\ should play some role for the supercuspidal 
representation 7r(<p, p) of the group G. 

Notation 

A reflection group will mean a group generated by reflections of order 2. A group 

generated by complex reflections will be called a complex reflection group. 

All schemes are assumed to be separated. By variety we mean a scheme of flnite 
type over an algebraically closed field. By a coherent sheaf on a not connected 
scheme we mean a family of coherent sheaves on each connected components sup- 
ported on a flnite number of components. By a vector bundle on a not connected 
scheme we mean a family of vector bundles on each connected components (without 
support condition) . By a virtual vector bundle we mean a family of formal C-linear 
combinations of vector bundles on each componenents. 

Fix formal variables ee, with 1^0, such that {ewY = ^e- Set s = si, and 

= £f„ for each c = k/m e Q"" . Put K = C((e)), A = C[[e]], and K = [j^Ci{si)). 
Fix formal variables q,t,K. Set Cg,* = C[q^\t^^], Q = C[t^^], and C«_= C[k]. _ 

For any C-scheme 5c set So = Sc{C), S+ = Sc{A), S = Sc{K), and <S = <Sc(-^). 
Let K{Sc), -ff*(iSc, C) be the complexified Grothendieck group of coherent sheaves 
and the Borel-Moore homology with complex coefficients respectively. Given an 
action of a complex algebraic group Gc on <Sc we write also K'^°{Sc), Kco{Sc) 
for the complexified Grothendieck groups of Gc-equivariant coherent sheaves and 
Gc-equivariant vector bundles respectively. 

For each locally closed subset S we write Cs for the constant sheaf over S. The 
stalk of a sheaf .7^ at a point x is writen J^^ as usual. 
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The cardinal of a finite set S is denoted by l^l. Given an action of a group G 
on S and subsets S' C S, G' C G, we write 

ZG{S') = {gGG;gx = x,VxeS'}, 
NoiS') = {g e G:gx e S",V.t e S'}, 
S^' ={xeS;gx = x,Vg€G'}. 

We write Irr(C) for the set of isomorphism classes of simple objects in an Abelian 
category C. If C is the category of complex representations of an algebra A or a 
group G we may write Irr(A), Irr(G) for Irr(C). 
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1. Homogeneous elliptic regular elements in loop Lie algebras 

Let {Xq, Aq, Ho, Iq, LLo) be a based root datum. This means that Xq, Yq are 
free Abelian groups in duahty via a perfect pairing 

(1.0.1) XqxYo^ Z, (A, A) H^. A • A, 

that Aq C Xq, Aq C Yq are root systems with a bijcction Aq — > Ag, a <—>■ d 
commuting with the map a ^ —a and such that a ■ a = 2, and that Hq, Ho are 
bases of Aq, Aq respectively. We'll always assume that the root systems Aq, Aq 
arc reduced. Let n be the rank. 

Let Wo be the abstract Weyl group, Aq be the set of positive roots, and Aq be 
the set of negative roots. Let {sa;a £ ITq} C Wq be the set of simple reflections. 
Write Oi, i G /q, for the simple roots, i.e., the elements in XIq, and di, i G /q, for 
the simple coroots. Let also {oi} be the set of fundamental weights, and {di} be 
the set of fundamental coweights. We have set Jq = {1, 2, ...n}. Set p = di, and 
Wo be the longest element in Wq. 

Let Gc be the connected reductive group over C associated to the root datum. 
Let Tc C Gc be a maximal torus, and gc, tc be the Lie algebra C-schemes of Gc, 
Tc- Taking the points over C, A, K, K we get the groups Go, To, G+, T+, G, T, 
G, and the Lie algebras go, to, 0+, t+, 0, t, g. For any C-algebra k we abbreviate 
Gfc = Gc ®c k, Qk = flc ®C k. The Langlands dual group Gc is the connected 
reductive group associated to the root datum (Yq, Aq, Xq, Aq). 

For any group-scheme H let X*{H) be the group of characters H Gm and 
X^,{H) the group of cocharacters — > H. Notice that Xq = X*{Tc), Yq = X*(Tc), 
and W^o^~iVGo(TQ)/To. 

Set Vo = Iq <8) C and Vq = Xq^C. The pairing 1.0.1 yields a perfect pairing of 
C-vector spaces 

VoxVo-^ C, (A, A) A • A. 

So Vo is identified with the dual of Vf). Fix a Wo-invariant positive nondegenerate 
symmetric bilinear form ( : ) on Vq. It yields a vector space isomorphism 

ly-.Vo^Vo* = %, A^(A:), 

called the standard isomorphism. Write ( : ) again for the bilinear form on Vq which 
coincides with ( : ) under ly. We have iy(a) = 2d/(d : a) for all roots. Normalize 
( : ) in such a way that iy{9) = 9. Put Vb,R = Xq (g) M, Fq^r = Yq (g) M. 

Let Arc = Ao X Z, A = Are U ({0} x Z), A+ = (Aq x Z>o) U (AJ x {0}), and 
n = {ai} U {(a, l);a G Ao^min}- Here Ao.min is the set of minimal roots for the 
usual order, and = (ai,0). Elements of H are called simple affine roots. Put 
also Ao,min = {o; o G Ao,min}, and cti = {di,Q). The affine Weyl group associated 
to the group Gc, or to the root datum (Xo, Aq, lo, Aq), is the group W of affine 
automorphisms of Vb,R generated by Wq and the translations by elements of Yq. 
It is isomorphic to the group Ng{T)/T+. There is a unique group isomorphism 
W Wq k Yq taking the affine reflection S(^a,i) to C-^aSa, where we write w,£^y^ for 
(wjO), (1,A) respectively. The group W acts on Xq x Z by the same formulas as 
in 1.0.2 below. Consider the group Q.w = {w € W;wijl) = H}. It is an Abelian 
group isomorphic to Yq/ZAq. There is a normal subgroup W' C W such that 
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W ~ W X Qw It is the Coxctcr group generated by the set {sa, a G 11} of simple 
afRne reflections. See [LI, sect. 1] for details. 

We fix a system of root vectors {ca} C flo- Put fa = e_a, and Bq = Ca ® € fl 
for each real afhne root a= {a,i). 

Unless specified otherwise we'll assume that Gc is a Chevalley group, i.e., it is 
simple and simply connected. In this case we have W = W. This group is called 
the afhne Weyl group of the root system Ao for short. Let h be the Coxeter number, 
be the highest root, and 9 be the highest short coroot. We have Yq = J2ieio 
Xo = X^iG/o ^'^^ ^ ^ {oii}iei with ao — {—9, 1) and 7 = /q U {0}. We'll write 
Si for the reflection .s„; or the affine reflection Sq^. We hope that this ambiguity in 
the notation will not create confusion. We set Yq = J2i'^'^ii = J2i ^^i. 

If Gc is simple of adjoint type then W is the extended afiine Weyl froup = 
Wq k ZXq of the root system Aq, and we set = ■ Let {Coi} C Xq x Z be the set 
of affine fundamental coweights. Fix a positive integer such that A • A G {1/N)Z 
for each A G Xq, A G Xq- The group W acts on Xq x {1/N)Z, x Z by the 
following formulas 

"(m,^) = (m,^-M-A), ^{ii,£) = {il + fX,i) if«; = e^, 
^■■^ -(m,^) = (>,^), "'(M,^) = r/i,^) iiweWo. 

The pairing such that (/u,^) ■ {ji,k) = ^ ■ fi + £k is M^^-invariant. Let dr, r G O, be 
the minuscule coweights. For each r the subgroup Zwg{dr) is generated by {si}ijtr- 
Let Wr G Wq be such that Wq^w,. is the longest element in Zwaior)- The action of 
the element tt^ = ^6^w~^ in on x Z preserves the set of affine fundamental 
coweights. The group O is equal to {tt^}. It is identified the group of automorphisms 
of the affine Dynkin diagram, so that tt^ is taken to the unique automorphism such 
that r. The group isomorphism W yi ^ takes w & W to itself, and 

£,or to TTrWr- Here, we write w,-k for the elements {w, 1), (l,7r) in the semi-direct 
product. 

Set X = XoxI? and X = x I?. We'U identify Xq, Xq, XqxZ, XqxZ with 
the subgroups Xq x {0}, Xq x {0}, Xq x Z x {0}, Xq x Z x {0} in the obvious way. 
The W-action extends to X, X so that 

(A, i,z) = {'o\ + ze,t + X-e-z,z), (A, I, z) = A, i, z), 
"'{\l,z) = {''X + £e,£,z + e-X-£), '*CX,£,z) = {'*X,£,z), 

for all i G Iq. See [C3, prop. 17.20] for instance. Let {w,} C X be the set of afHne 
fundamental weights and 6 = (0, 1, 0) G X. The set of integral dominant weights is 

X+ = 0Z>oa;ieZ(5. 

Notice that oq = (-6*, 1,0), a,, = (0^,0,0), ujq = (0,0,1), uji = (oj,0, Oj -9), oq = 
{-9,0,1), a, = (ai,0,0), Cjq = (0,1,0), and = {di,di-9,Q). Put 5 = (0,0,1) G X. 

Set V = X and V = X ®<C with the induced VF-actions. Let Vr, Vk be the 
corresponding M-vector spaces. Observe that V = VqX<C? and V = VqX C?. There 
is an unique M^-invariant perfect pairing V xV ^ <C such that 



(L0.3) 



{v, £, z) ■ {v', £', z') = v-v + ££' + zz' . 
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Identify V with the dual V* of V via 1.0.3. There are unique H^-invariant nonde- 
generate semidefinite bilinear forms { : ) on V, V which coincide with ( : ) on Vq, 
Vo and satisfy the following relations 

{6 : Wo) = {S : Wo) = 1, {S : S+Vq) = (wq : ujo+Vq) = {6 : ^+^0) = (wo : wo+Vb) = 0. 

It yields the standard isomorphism 

,y :V ^V* = V, A (A : ). 

We have ^{d) = 6, i^{ao) = ao, ^{ujo) = wo and i'{ai) = (z/(ai), 0, 0), 1^(0;,) = 
(i/(oj), Oi ■ 0, 0) for each i & Iq- 

1.1. Elliptic and regular elements in Wq. 

By an eigenvector of an element of Wq we'll mean an eigenvector in the reflection 
representation on to- A element of Wq is regular iff it has an eigenvector which is 
regular (in the sense that no root vanishes on it). Let Wo[m] be the set of regular 
elements of order m. 

An element of Wq is called elliptic (with respect to to) iff it has no nonzero fixed 
vector in to. A conjugacy class in Wq is elliptic, i.e., it contains elliptic elements, 
iff it is cuspidal, i.e., iff it has an empty intersection with each proper parabolic 
subgroup of Wq. See [GP, exe. 3.13, 3.16] for instance. 

The integers which occur as orders of regular or elliptic regular elements are 
called regular or elliptic numbers respectively. Write EN, RN for the sets of elliptic, 
regular numbers. Notice that 1 € RN but 1 ^ EN. 

Let (fi e C[tc]^°, i S Iq, be a set of primitive invariants. Put di = deg{ipi). For 
each integer m 7^ set Im = {i G lQ:m\di}. 

The following are proved in [S3, thm. 4.2], [DL, thm. 2.5, cor. 2.9] respectively. 

1.1.1. Theorem, (a) The sets Wo[?7i], m € RN, are conjugacy classes of Wq. 
The order of the eigenvalue of a regular eigenvector of any element w in Wq [m] is 
m. IfV is an eigenspace ofw containing a regular vector then Zwo{w) is a complex 
reflection group in V whose set of degrees is [di] i G Im}- 

(b) Let V be an eigenspace of w € Wo[m] containing a regular vector. The 
complex reflection group Zwo{w) is irreducible, its reflection hyperplanes are the 
traces of the reflection hyperplanes ofWa, and a set of primitive invariants is given 
by the restrictions to V of the primitive invariants (pi with i G Im- 

1.1.2. Example. The conjugacy class cox = Wo[h] consists of the Coxeter ele- 
ments, i.e., of the products of all simple reflections in Wq in any order. They are 
elliptic regular. 

The regular elements have been classified in [S3] (notice that there is an error in 
table 2). Let Wq,^ be the set of conjugacy classes in Wq. We'll label elements in 
Wo,* as in [C2]. Write for the conjugacy class of w, and (w*)'*' for (w*)*. The 
conjugacy classes of elliptic regular elements are the following. 
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Wo[m] 


m 


A-n 


A-n 


n+1 




f TL'"/ ' J 


2r with r\n 


D„ 


n[(n-l)/r] 
i?n(a„/2-l)["/'"l 


2r with r\n—l and 2r | n— 1 
2r wii/i 2r|n 




p[12/m] 

Eeiai) 


3,6, 12 
9 


Er 


^[18/m] 

E7{ai) 


2,6,18 

1 A 
14 


Es 


^[30/m] 

Es(a2) 


2,3,5,6,10,15,30 

4,8,1^,^4 

20 


Fi 


p[12/m] 


2,3,4,6, 12 

8 


G2 


^^6/m] 


2,3,6 



1.1.3. Remark. Write the element ,si,S2.S3... as 123... for short. For the computa- 
tions in section 3 it is useful to have an explicit representative in each class Wo [m] . 
Recall that 123. ..n € Wo[h] for all types. For exceptional types, the classification of 

cuspidal classes in [GP, tables B.3-6] yields the following : 123234 e S4, 12342546 e 
Eaiai), 123425467 G Er{ai), 1234254678 G ^8(01), and 123425465478 G £;8(a2)- 

1.2. Reminder on maximal tori in G. 

Fix complex numbers ^ Tg, i > 0, such that {tw Y = n and r = ti is not a 
root of unity. For each c as above we write r'^ for r^. Let F^- G Aut(j^) be such 
that El TfEi. We'll write F for F^^, where we, = exp(2i7r/^). Put also = X{we) 
for each A G X*(G'c). 

The set of G-conjugacy classes of maximal tori in Gk (or in qk) is in one-to-one 
correspondence with Wq.* by [KL2, sec. 1]. See also [Dl, sec. 4.2] for more general 
results. The conjugacy class associated to a maximal torus is called its type. 

Choose a lift of finite order in 7Vgo(^o) of w. Set m' = o(n,„). As riy, 
is a torsion element of Go, there is a cocharacter A such that n,„ = X„i'. Set 
Fw = (adriu,)"^ o F. The automorphism (adA(e_TO')) takes the iiT-torus T^™ into a 
maximal torus of type in Gk- 

An element .t G g is regular semisimple (or RS) iff its centralizer }g{x) is a 
maximal torus. The type of a RS element a; G is the type of the maximal torus 
ig{x)- 

1.3. Regular semisimple elements in g. 

An element a; G g is topologically nilpotent (or TN) iff (ada;)°° = in End(g). 
Write TNS for topologically nilpotent semisimple element. A semisimple element 
is homogeneous (or HS) of degree c iff it is G-conjugate into to (8) It is elliptic 
regular (or ERS) iff it is RS, TN, and the torus ZGji{x)° is anisotropic (i.e., its 
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group of cocharacters is trivial). We will write HRS for HS and RS, and HERS for 
HS and ERS. 

Prom now on we assume that m > and k,m are relatively prime. Given 
»S C let 5r,s J ^HRs , >5ers , '^'^ C 5 be the subsets of RS, HRS, ERS elements and 
of elements x such that {a.dp{T'^))Fr{x) = t'^x respectively. 

Put eR = ea. and fn = Y.iioi-'^p)fai- Assume that {ea^, ai, /aj is a sl2-triple 
for each i & lo- Then = {e^, 2/5, fn} is also a s^-triple. See [CM, p. 58]. 

A theorem of Chevalley states that the restriction map C[gc] C[tc] induces 
an isomorphism of categorical quotients rj : Qc/Gq ic/Wo- We regard this 
isomorphism as a Go-invariant map qc tc/Wo. 

The /o-uplc Lp = (ifii) of primitive invariants is an isomorphism tc/Wo — > A^°. 
Set fi = d{ipir]){fji). View fi as an element in Qq via the Killing form. 

The Kostant section in gc is the closed subscheme sc = + 3(/ij)c- See [K5, 
sec. 2.4] for a short review, and [S2, sect. 7] for further results. 

Let Bq,Bo C Go be the Borel subgroups associated to the pairs (To,Aq), 
(ro,AQ") respectively. Let Uq ,Uq be their unipotent radicals, and bo, Uq, bo, 
Uq be the corresponding Lie subalgebras of go. 

1.3.1. Proposition, (a) Any Go-orbit in Qo,rs meets So,rs exactly once, and any 
G-orbit in Qrs meets Srs exactly once. 

(b) The composition of the closed embedding sc C Qc o,nd r] is an isomorphism 

of algebraic varieties Sc tc/W'o- 

(c) The lo-uple (fi) is a basis of^{fii)o such that [p, fi] = {l — di)fi. In particular, 
we have s = eR-\- 0jg7„ Kfi. 

(d) The group Uq acts on CR + bQ by the adjoint action, and the map Uq xso — > 
£r + bo ; {g,x) I— > (a.dg){x) is an isomorphism of Uq -varieties. 

Proof : Part (a) follows from [K3, thm. 8]. Observe that the second claim follows 
also from the following more precise statement. Any TN element in 0rs is G- 
conjugate into en + £0+ by [KL2, sec. 4, cor. 1]. Thus any element in cr + sq+ is 
G4.-conjugatc into eR + e],{fR)+ by [Bl, lem. 1]. Hence, any TN element in g^g is 
G-conjugate into cr + e3(/ii)+. 

Part (b) is proved in [K3, thm. 7], (c) in [D3, p. 185] and [K3, thm. 9], (d) in 
the proof of [K3, prop. 19]. 

□ 

Therefore the composed map tpr] factors to an isomorphism Sc — >■ , denoted 
by ipr] again. Further, each (adG)-orbits in 0ers contains a unique element in Sers- 

1.3.2. Proposition, (a) Any element in g^g is HRS of degree c. Any HRS 
element of degree c in g is G-conjugate into s^g. 

(b) There are HRS elements of degree c in g iff m G RN. Any HRS element of 
degree c in g has type Wo[m]. Further, it is ERS iff m (z EN, fc > 0. 

Proof : (a) Since r is not a root of unity, we have fl'^ = n (adp(£~'^))(go <8) e'^)- 
Thus any element in g^^g is HRS of degree c. 

Any HRS clement of degree c in g is G-conjugate into a HRS element of degree 
c in 5 by 1.3.1(a). We must prove that the latter belong exactly to 5^g. The K^- 
action on s such that 

t»x = t^ad{p{t~^)){x) 
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fixes cr and has the weight (2rfj) with respect to the decomposition s = cr + 
K fi. For each x G s we have (piri{t • x) = t'^'^'ipirjix), because (pirj is G- 
invariant and homogeneous of degree dj. Since a; G s"^ iff Ft{x) = t'^^^ • x, and since 
ifT] yields an FT-equivariant bijection s — > , we have 

x G Frifi-qix) = T'^'^'iPiri(x), Mi 

^ <fr]{x) G 0Ce'=*. 

Since the map ipr] yields a bijection 5 , we have also 

a; G 5^= <^ <^,7(a;) = Ce^*. 

Now, assume that a; G s is HRS of degree c. It is G-conjugate into to,Rs ® s'^. Thus, 
since (^jry is a homogeneous polynomial of degree di, we have (pir]{x) G Ce'^'^' if 
i G Im and ipiri{x) = else. Thus x G s''. 

(b) Fix an element x G g^g. Let be its type. We have {adp{e'^)){x) G 
00, RS ^ s^- Thus there is an element g' G G such that x' = {a.dg'){x) belongs to 
to,RS 'S'S". On the other hand the torus ],q{x) is G-conjugated into t^". Fix g" G G 
such that x" = {adg"){x) belongs to t^g. Since the group G has a split BN-pair, 
two elements in t which are G-conjugate are indeed Wo-conjugate. Thus 
Wo-conjugate. In particular x" lies in (to,Rs e*^)^™, yielding w{x") = w'^x" . So 
w G Wo[m] and m G RN. 

Conversely, if m G RN there are w G VFo['7i] and x G to.Rs such that w{x) = vj'^x. 
Then .t Cg) g (to,Rs ® e^)^™ . So a; ® is HRS of degree c in t^™ . Since t"^™ embeds 
in g, there is also a degree c element in gHRS- 

Finally we prove the last claim. Notice that HS elements of g of degree c are TN 
iff /c > 0. Further, a maximal torus of type is anisotropic iff no eigenvalue of w 
equals 1, because the induced action of the Frobenius on the group of cocharacters 
is conjugate to w. See [S4, sec. 13.2.2]. Finally, we have proved that each degree c 
element x G 0hrs has the type VFo[m]. Thus x is ERS iff m G EN, fc > 0. 

□ 

1.3.3. Corollary, (a) We have fi^g 7^ <s=^ m G RN. 

(b) We have fll^g 7^ ^s=^ me EN,k>0^ g^^^ = fl^g. 

1.3.4. Remark. If m G RN we can construct HRS elements of degree c as follows. 
Given an 7o-tuple z = {zi) G we set ez = eR + J2i ^ifi ® s""^^- Then 

s° = {ez^Zi = 0,Vi ^ 

Further G sj?^g if the /^-uple {zi)i^i^ is generic. We'll give elements G S^g for 
each type and each c in section 4. 

2. Finite dimensional representations of rational DAHA's 
2.1. Reminder on DAHA's. 
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First, let Gc be any connected reductive group. The DAHA associated to Gc, 
or to the root datum (Xq, Aq, Iq, Aq), is the unital associative Cg^t-algebra H gen- 
erated by the symbols t^^xx with w G W, A e x Z such that the t^j's satisfy 
the braid relations of W, plus 

a;(o,i) = 9, x^xx = xx+^, {tsi - t){tsi + i"^) = 0, 
xxt-K — t^X/j, = if TT G flw and '^n = A, 

xxtsa, — ts^xx-ra = {t — t~^)xx{i^ + X-a + ■■■ + x^S^) if 0! € 11 and d ■ A = r > 0. 
For each a G 11 we set 

V-Sc = + t~^){Xa - l){t~^Xc, - t)-^ - 1 

= - l)(tec« - t-^)~^{ts^ -t) + l. 

It is the (normalized) intertwiner operator, and it belongs to a ring of quotients of 
H. The V'so's satisfy the same relations as the s^'s do. In particular the element 
V'u; is well-defined for each w e W, and it is invertible with inverse ipw-i. Further, 
we have ipw xx = Xwxtpw There is a Cj-algebra automorphism 

IM : H^H, ts^>-^-t~^, xx>-^x^^, q>-^q~^, 

and a C^^t-algebra anti-automorphism 

OP : H ^ H, ts^i-^ts^, xxi-^xx- 

Consider the torus whose character group is Xq © Zd. Set H = T^xC^ . For 
each h = {s, r, Q e H, with s e Tq, we put 

In the whole paper we'll assume that r, ^ are not root of unity. 

For any H-module M which is locally finite over CXq we set M = YiheH 
where M/^ is the /i-weight space 

Mh= fl \J{m€M;{xx-X{h^)ym = 0}. 

\eX-{H) r>0 

Let mod(H)adm C mod(H) be the full subcategory consisting of the modules 
which are locally finite over CXq with finite dimensional weight spaces. Objects 
in this category are called admissible modules. If M is admissible we equip M 
with the product topology, i.e., the coarser topology such that the projections to 
the weight subspaces are continuous (each weight subspace being given the discrete 
topology). Since M = 0^ Mh, the module M is a dense subset of M. 

Let 0(H) C mod(H) be the full subcategory consisting of the finitely generated 
modules which are locally finite over CXq and such that q, t act by multiplication 
by some complex number. 

Let 0?i(H) C 0(H) be the full subcategory consisting of the modules M such 
that q = T~^, t = (, and Mh' = {0} if h' is not in the orbit of h, relatively to the 
W-action on H such that 

(2.1.1) ""h = (sA(r), T, C) if w = Ca, and {""s, t, C) if w e Wq. 

For a future use let us quote the following basic facts. 
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2.1.2. Lemma, (a) Finite dimensional modules belong to 0(H). 

(b) The category 0(H) is a Serve subcategory ofmodi^), and any object in 0(H) 
has a finite length. 

(c) We have 0(H) = 0^O/j(H), where h varies in a set of representatives 
of the W-orbits in H. In particular each category Oh(H.) is closed under taking 
subquotients and extensions, and any simple module in 0(H) belongs to Oh(H.) for 
some h. 

Proof : Part (a) is obvious, and (c) also because any object M in 0(H) is the 
direct sum of its weight subspaces and ^^eo ^ submodule for each W-orbit 

O CLH. 

Now, let us concentrate on part (b). The first claim is proved as in [VV, 
prop. 3.1]. For the second one, recall that M has a finite length iff it is Artinian and 
Noetherian, and that if C M then M is Artinian and Noetherian iff both A^ and 
M/N have that property. Thus, since objects of 0(H) are finitely generated and 
locally finite over C[a;A], we are reduced to prove that modules induced from finite 
dimensional Hx-modules (see below for notation) are Artinian and Noetherian. 
This is proved as in loc. cit. prop. 3.4. 

□ 

Let Hjjf be the Cj-subalgcbra generated by tu,.x\ with iv £ Wq, A S Xq. ft 
is isomorphic to the Iwahori-Hecke algebra of the group Gc- Let sgn, triv be the 
Steinberg and trivial representations of Hx, i.e., the projective one-dimensional 
Ct-modulcs such that xx acts by the scalars t~'^^'^, t^^'^, tg^ by the scalars —t~^, 
t, and tjr by the scalar 1. 

There is a Cg,(-algebra embedding C^^flo H taking X gYq to = t^^ t7^ , 

with A = Ai — A2 and Ai,A2 € lo dominant. The multiplication in H yields an 

isomorphism Cg.iFo ^Ct Hx ^ H. Sec [C4, thm. 3.2.1] for details. The induced 
module P = P-^ = H (8)Hx is identified with Cg^jFo as a Cg,t-module. It is 
called the polynomial representation. In the same way, setting Hy equal to the Cf 
subalgebra generated hytw,w£ W, we get the induced module Px = H(g)Hy triv. 
Recah that c € Q^. 

A H-module is (X-)spherical if it is a quotient of P, and F-spherical if it is a 

quotient of Px- We write He, Pc, Px,c for the specialization of H, P, Px both at 
the ideals {t — q~'^^'^) and (g — r~^, i — r^/^), hopping it will not create any confusion. 
Put Pjf = ^^Px, P^ = ^"^P, P^x,c = '^'Px,-c, and P+ = '^P-c- If C = we 
may write Oj(Hc) for Oh(H.), with § = (s, r). 

2.1.3. Examples, (a) The element x\ acts as t"^^'^ on triv. Thus it acts also 

as t'^P'^ on the obvious generator of P. Hence x\, q, t act on the obvious generator 
of the Hc-module Pg as t'^'' '^, t~^, r"^/^ respectively. It is generated by its {hc)~^- 
weight subspace, where 

/ie = (p(T^),r-\r-^/2). 
(b) The Hc-module Pj is generated by its ^-weight subspace, where 

/it = (p(r^),T,W2). 



The notation for hi may be confusing because we have hi = {h-c)^ 7^ {hc)^. 
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Since the choice of the non-zero complex number t is indifferent, under substi- 
tuting T by everywhere we may identify he, hi with {hc)~^, respectively. 
In particular this yields an identification of the elements hi, ^"hc, and of the cate- 
gories O^t(H), Ofi^iH.). To simplify notations we'll also write c for hi if it creates 
no confusion. For instance, we write Oc(H) for both O^t(H) and Oft,^(H). 

2.1.4. Lemma. The He-modules Px,c, c ^'^^ admissible. The He-modules 

Pc, Pi belong to Oc(H). 

Let J^,I^ C Cq,tXo be the ideals 

J'' = (/ - f{h^); f e C,,tXo) , i'^ = ( J'^ n C,,tX^^^''^) . 

For each Ec^hwe set = O^'eE^'"'- Notice that '"(J^) = r^. 

2.1.5. Lemma, (a) If E C ^h is finite, there is a finite subset E' C ^h such 
that E CE' and I^'t,^ C t^j'^ + , t^J^' C I^ts„ + m H for each aeU. 

(b) We have 0(H) c morf(H)adm- 

(c) The H-action on an admissible module M extends uniquely to a continuous 

action on M . 

Proof : Then we prove (a). The proof is modelled on [VV, lem. 3.2]. We claim that 
the set E' = EU IJaen ''"E is a. solution. To prove this it is enough to check that 
i{F = EU^'='E then I^ts„ C ts^I^ + in H. For each p G CXq we have 

pts^-tsJ''p={t-t-^)do,{p), 

in H, where = {p — — X-a). Hence it is enough to prove that 

C i.e., that n f"^') C n f"^' for each h' e E. If h' = 

this is obvious, because 

Mpp') ^P^cip) + ^a{p) '-P', - f{h'); f e (CXo)^-(''')}) = 0. 

Assume now that h' ^ ^"h' . We must check that da (p) £ l'^ for each p G n/ ° . 
We have (1 — X-a)'&a{p) = P — ^"P G l'^ ■ So, since CXq//'* is a local ring and 
(1 — X-a) is not in the maximal ideal, we get that 'daip) € ■ 

Now wc prove (b) . It is enough to check that the weights spaces of the module 
M = H/H(J'')'' are finite dimensional for all r > 0. The PBW theorem for 
H yields an isomorphism M = ^^^y^^tyCq^tXo/ {J^Y . For each w €: W we set 
= ®v<^u tXq,tXQl{J^y. Since 

A ® tyCg^tXo 

v<w 

in H for each A, the subspace M<^ is preserved by left multiplication by elements 
of Cq^tXo- Since dim(M<tt,) < oo the quotient ~ -^<tu/ ®i,<tu '^^<f is finite 
dimensional and supported on {^h^} as a Cg,iXo-module. In the Grothendieck 
group of Cg^tXo-modules we have M = ^^^yy Myj. Hence the dimension of Mh' 
is equal to dimM^. Therefore dimM^/ < oo, because Zw{h) is finite. 
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Finally we prove (c). We must prove that the action of any element a: G H 
extends to a continuous operator M M. The unicity is obvious because M is a 
dense subset of M. Given a finite subset E C we must check that there is a 
finite subset E' c such that xMe' C Me, where Me = HhtE^h- We have 
{I^Yx if x e Mh and r > 0. Further I'^Mh' ^ M^ if h ^ h! . Therefore, since 
M has finite dimensional weight subspaces and E is finite there is an integer te 
such that Me = {I^YM for each r > te- Let E' be as in part (a) above. We have 
xl^' C /^a; + and C Thus 

xMe' = x{I'^'YM c {I'^fM = Me 

if r > rE,rE'- We are done. 

□ 

In the rest of the section let Gc be a Chevalley group. Thus W is the affine 
Weyl group of the root system Aq. Let (r, C^) C be the subgroup generated by 
T, C^- For each h the set 

Ao,(fc) = {a e Ao; a(s) G (r,C^)} 

is a root system. Let Ai.o,(?i) = ^o,(h) x Z be the set of affine real roots, ^(h) = 
\c.{h) U ({0} X Z) the set of affine roots, \e,{h) the set of affine real coroots, and 
Wa.{h) I ^(h) the Weyl group and the affine Weyl group associated to the root system 
Ao,(/i). Thus W(^h) is a subgroup of Wo^(h) x Yq which is equal to the subgroup of 
W = Wo X Yq generated by the affine reflections Sa with a G Are,(?i). See section 1. 

Let ^{h) be the subalgebra of the DAHA associated to (Xq, Aq Yq) Aq 
which is generated by the elements a;^, tyj with X G Xq, w G Let Oh(H.(h))j 

0(H(^)), mod(H(/j)) be the corresponding categories of modules. 

2.1.6. Proposition. Assum,e that Zw{h) is a reflection group. 

(a) There is an equivalence of categories 0/j(H) Oh(H.(h))- 

(b) It preserves the finite dimensional modules iffW/W(^h) is finite. It preserves 
the dimension of finite dimensional modules iffW = W(^h) ■ 

Before the proof we introduce one more notation. For each subset F C ^h and 
each Cg,t-^o-module M we set 

^M = lim lim M/{I^YM, 

< n 

where E is any finite subset of F. To simplify we'll write ''M for ^M if F = ^h. 
We equip ^M with the limit topology, i.e., the coarsest topology which makes 
the obvious maps ^M M / {I^Y M continuous. Since Cg^tXo = C[if] we may 
write ^C[H] for ^£.q^tXa. It is a topological algebra equal to the product of the 
topological algebras 

^'*'>Cg,tXQ = lim C,,tXo/ 

n 

with h' G F. The topology is the product topology, where each factor is equipped 
the -adic topology. 

A topological C-algebra A is an algebra with a C- linear topology, i.e., a topology 
for which there is a basis of neighborhoods of consistings of vector subspaces, such 
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that the multiplication A x A ^ A is jointly continuous. We do not impose the 
topology to be A-linear. A topological module over A is a module M with a C- 
linear topology such that the action map A x M ^ M is jointly continuous. So, 
if A is discrete this means that the action of any o S A is a continuous operator 
M —>■ M, while if M is discrete this means that the annihilator of any element of 
M is an open subset of A. 

2.1.7. Lemma, (a) For each F we have H c ■'^H and there is an unique topolog- 
ical algebra, structure on extending the multiplication on H. The assignement 
M ^ M yields a functor from the category of H-modules to the category of con- 
tinuous ^H-modules. 

(b) We have ^M = MifMe Oh{^). 

Proof : We have H C by the PBW theorem for H. To prove the second 
claim we must check that for each E, n and each a; € H there are E', n' such that 
a;(/^')"'H c (/^)"H. Let E' be as in 2.1.5(a) and n' = n. Then we have 

ts,(J^')"'H c J^ts,(7^')"-iH + (7^)"H c • • • C (7^)"H, Vi. 

We are done. The rest of (a) is left to the reader. Compare 2.1.5(c). 

Part (b) is obvious, because P'Mh, = Mh' iihj^h' and {I^)''Mh = {0} if n » 0, 
because dim(M/j) is finite by 2.1.5(a). 

□ 

Proof of 2.1.6 : First, we prove (a). The proof is modelled after [LI], and was 

sketched in [VV, sec. 3.5]. For the comfort of the reader, let us recall a few facts. 
We have = U/i'epJ^'). where {h') = ^c^'^h', for some subset Ph C ^h, 

see [VV, p. 1309]. The H^-action on factors to a W-action on Vh- Using the 

fact that Zw{h) is generated by reflections, one gets Vh — W/W(^h) as W^-sets. See 

loc. cit. In particular, we have \Vh\ = 1 iff = 

Since ''Cg,(Xo is isomorphic to the product n/i'ePh ^^q,tXo, the identity in 
^Cq^tXo may be viewed as an indempotent l(?i/) in '^Cq^t^o- For all {h') G Vh, 

one can check as in [LI, sec. 8.8] that if {h') ^ *'(/i') then we have the following 

equality in l3.(,j/)''Hl(^/) 

For all (/i') we fix an element W(ft') € W with a reduced decomposition W(^h') = 
Si^Si^.-.Si^ such that 

We have '^(h>)^w^y^i^ G '*Hl(;j). Thus each element in \(^^t-^Y^.\(J^n^^ is of the form 
^W(^,yy^:;;jl^„^ for some y G 1(^)''H 1(,,). 

Let A : '*H Ma,t-Pf^{l(^h)^^^{h)) be the unique topological algebra homomor- 
phism such that i'w^^,^yi^^^^„^ ^ E(^h').,{h")(y), where E(^h'),{h"){y) is the matrix 
with y in the entry {h'), {h") and elsewhere. The image of A is dense. 

There is an unique topological algebra isomorphism B : ^Ji(h) ^(h)'^^^{h) 

such that xx i—> xx, tw tw\ where X G Xq, w €: W(^h), and tw^ is as in [LI, 
sec. 8.10]. 
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Composing A, B, and the Morita equivalence we get the required equivalence of 
categories 0/i(H) Oft(H(^)). 

Now, claim (b) is obvious from the proof of (a). 

□ 

For each h G H we may write Ah for the root system 

As = {a e A;a{s) = 1} 

(it is indcpondant on (). Notice that A;, C A,c, because r is not a root of unity. 
Let Wfi be the Weyl group of A^- It is a subgroup of Zw{h). 

Recall that X is the lattice Xq ® © Zcjq- Consider the tori Tq, T whose 
character groups are Xq © Zcjq, X respectively. Set H ~ T x C^. The action 2.1.1 
lifts to a W^-action on H such that, for each h = (s, r, (), we have 

-/I = (sA(T)5(TA(s))-^•^/^ r, C)iiw = 
"'/i= ("'s,T,C) iiwGWo. 

Let H be the DAHA considered in [VI]. It is the algebra generated by tly and 
x\, X G X, modulo the same relations as above. Hence the element x^j^ commutes 
with Hx and we have 

So the algebra H is a semi-direct product C[a:^|j^] k H. The categories 0(H), 0/i(H), 
with h G H, are defined in the obvious way. We will use the same notation for the 
polynomial representations of the algebras H and H, hopping it will not create any 
confusion. The equivalence 2.1.6 has an obvious analogue for H. Notice that the 
assumption in 2.1.6 becomes void for H, because Z\v{h) is a reflection group by 
2.1.8(b) below. Indeed, if h G H we define A^, Wh, as above (with H instead of H). 
Then Wh = Zw{h). See below. 

2.1.8. Remarks, (a) A finite subgroup of W is conjugated into a parabolic 

subgroup. This is well-known. We recall the proof for the comfort of the reader. 
Fix a triple (\,£,z) in the Tits cone, i.e., such that £ > If W C is a 
finite subgroup the sum fi = X)u.ew" "^^(^' ^' again in the Tits cone. Thus 
there is an element w G W such that ^fi belongs to the closed fundamental alcove 
A = {v G Vo,R;ai ■ v > 0,0 ■ !> < 1}. Thus W is conjugated into the parabolic 
subgroup ZwC^/j,). See [K2, prop. 3.12]. 

(b) lih G H then we have Wh = Zw{h) (a reflection group). Indeed, the element 
^^w belongs to Zw{h) iff A(t) = ^ss~^. Thus the map ^j^to i— »• w yields a group 
isomorphism 

Zw{h) ^{wG Wo;"'ss-i G Yq{t)}, 

where Yq{t) = {A(t); A G Yq}. So the group Zw{h) is finite. Hence it is conjugate 
into the proper parabolic subgroup Wj generated by {si;i G J} for some subset 
J I part (a). So we may assume that 



Wh C Zw{h) C Wj. 
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Thus we are reduced to check that {Wj)h = Zwj{h) (with the same notation for 
iWj)h as for Wh above). This is a standard result because T is the maximal torus 
of a connected reductive group with simply connected derived subgroup whose Weyl 
group is isomorphic to Wj (a Levi subgroup in G). 

Alternatively, the axioms of a split BN pair imply that the group 7ro(G'') is 
isomorphic to Zw{h)/Wfi. See [S6, rem. 8.3(c)] for the finite type case. Then, 
apply 2.4.1(a) below. 

2.2. Reminder on degenerate DAHA's. 

The degenerate DAHA associated to the Chcvallcy group Gc is the unital as- 
sociative C^-algebra H' generated by the group algebra €W and symbols £^x, 
A G Xq X Z, with defining relations given by 

^(0,1) = 1> + ^/n = ^A+/n, ^X^ft = ^ft^X, ^XSi - Si^six = -kX- ai. 

For each i € I we set 

C = {si + !)?«.(?«. - k)-' - 1 = + «)-'(si - 1) + 1. 

It is the (normalized) intertwiner operator, and it belongs to a ring of quotients of 
H'. The t/jg. 's satisfy the same relations as the s;'s do. In particular the element il'w 
is well-defined for each w € W. Recall that tp'w = ^"'A i'w- There is a C-algebra 
automorphism 

IM : H' H', Sj ^ -Si, <->■ ^x, -k, 
and a C^-algebra anti-automorphism 

OP: H'^H', s,^s,, 6^6- 
For each M £ mod(H^) and A = {jl, m) with fi & Xq and m ^ 0, we set 
^A= n \J{x&M-{^x-X-\lmYx = Q}. 

\eXaxZr>0 

Let O(H') C mod(H') be the full subcategory consisting of the finitely generated 
modules which are locally finite over C[^;^] and such that k acts by multiplication 

by some complex number. Let Oj^(H') C O(H') be the full subcategory consisting 
of the modules M such that M^, = {0} if A' is not in the M^-orbit of A. 

2.2.1. Lemma, (a) Finite dimensional modules belong to O(H'). 

(b) We have M = ^-^M-^ for each M e O(H'). 

(c) We have O(H') = O^(H'). 

The C-subalgcbra C[^a] generated by the ^^'s is isomorphic to C[Vo]- The C- 
subalgebra generated by CWq, C[^a] is isomorphic to the degenerate affine 
Hecke algebra. Put pK. = {^p, 1). Let triv denote both the trivial W^-module and 
the H^-module such that ^x, Si act by the scalars A-/5„, 1 respectively. The induced 
H'-module P' = Py = H' <8)h^ triv is identified with C^Fq as a C^-module. We 
set also P^ = H' ^cw triv. We write H^, P^, P^c fo'^ specialization of H', 
P', P^ at the maximal ideal (k — c). A H|,-modulc is (A'-)sphcrical if is a quotient 
of P;., and F-spherical if is a quotient of P^ Write 0{W^), Oxi^'c) for the full 
subcategory of O(H'), O^(H') consisting of H^-modules. 

We'll write c for pc and cp if it creates no confusions. 
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2.2.2. Lemma. The modules P'^, P'J = ^'^P'_^ belong to the category Oc{W^). 

For each subset C ^ A and each Cfc[^A]-module M we define ^ M as in 2.1.7(a). 
In particular, we get a topological algebra ^H' and, for each H'-module M, a 
continuous ^H'-module ^M. 

2.2.3. Lemma. Assume that ( = r'^/^ and Aq = Ao,(?i). 

(a) There is an element jl G Xq such that fi{Tm) = s modZ{Go)- 

(h) Put A = {jl,m) where fi is as above. There is an isomorphism of topological 

algebras ^C[Vb x C] ^ ''C[H]/{t - q'"/^). 

Proof : Part (a) is obvious, because (r, = (t^). Let us concentrate on (b). 
Set i> = (/2,m, fc/2). We have Z]Y{h) = Zy^{i'). Here the W^-action on i> is as in 
1.0.2 (it is trivial on the third component). Compare 2.1.1. So there is an unique 
isomorphism of M^-sets l : v ^ ^ h such that i/ ^ h. Let e : C ^ be the 
exponential map, normalized so that e(l) = r^. It yields a W^-equivariant group 
homomorphism 

e : Fo X C2 = (Fo X Z2) (g) C ^ H, (A', m', k')®z^ (A'(e-2), t{m'z), t{k'z)). 

For each v' G set /lo = '^(i^')^(~'^')- The element ho G H is indendent of 
the choice of i>' because t, e arc VK-cqui variant. A direct computation shows that 
ho = (so,!)!) with a{so) = 1 for each a G Aq, i.e., with so & Z{Go)- So the 
holomorphic map 

^ :Vo xC'^ ^ H, x\-^ hoeix) 

is W-equivariant and takes i> to h. We claim that the comorphism of \1/ yields an 
isomorphism of topological algebras ^C[H]/{t — q'"^"^) '^C[Vo x C]. 

To prove this, observe first that for each i'' € setting h' = ^{i''), the 
comporphism of yields a topological algebra isomorphism of the completions of 
the algebras C[Vo x C^], C[H] at the points jl', h' respectively. Thus it yields also 
an isomorphism 

''£[H]/{t-q-'''^)= W ^'''^£[H]/{t-q-'''^)^ \[ ^'^'^C[Vox£] = '^C[Vox£]. 
We are done. 

□ 

2.2.4. Proposition. Assume that ( = t"/"^ and Aq = ^o,{h)- A as in 2.2.3(a). 

(a) There is an equivalence of categories Os(Hc) — > Oj^(H^) which preserves the 
dimension of finite dimensional modules. 

(b) It yields an equivalence from the full subcategories of spherical, Y -spherical 
modules to the full subcategories of spherical, Y -spherical ones respectively. 

Proof : First we prove (a). The proof is modelled after [LI], and was sketched in 
[VV, sec. 3.5]. Let fi be as above. There is an isomorphism of topological algebras 

C : ^H;, ^ ''He. 

It is uniquely determined by the following properties 
(i) it takes -^g. to Vs* for each i e /, 
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(ii) it restricts to the topological algebra isomorphism in 2.2.3 

^C[Vci X C] ^ ''C,,tXo/(t - q-'/^). 

Observe that ^ps- ^ ''H and ijj'g. ^ "^H'. Claim (i) should be understood in the 
following way : we have 

C{si + 1) = {ts, + t-^)g+,i, C{si - 1) = g-,i{ts, - t), 

where 

^ _ Xctj — 1 ^ f Ccti ~ ^ [ g — •^"» ~ ^ (J ( Cai + ^ j 

Indeed, one check easily as in [LI, lem. 9.5] that g±^i is a well-defined unit in ^€\H\ 
(although both factors of g±.i are not in general). Write mod(''H) — > mod('^H'), 
M '^M for the twist by C. It restricts to an equivalence Oj(Hc) — > Oi^(H^) 
which preserves the dimension of the finite dimensional modules. 
Part (b) is obvious. 

□ 

For a future use let mod(H'^)„„i C mod(H^), 0(H')„ii C O(H') be the full 
subcategories consisting of the modules which arc locally unipotent as lo-modules. 

2.2.5. Examples, (a) If c = the one dimensional representations such that 

L'l: K i-> c, ^x^-i- pc- A, Si !->■ -1 

correspond to each other under 2.2.4. We set L_c = ^^^Lj and L'_^ = ^^'^L'J. The 
H_c-modules L_c, L'-c ^'"'^ spherical and F-spherical. 

(b) If (Gc, c) = (C2, 1/2) there are one dimensional Hc-modules such that 

: t^T"/'^, q^T~'^, xx'-^T-P''^, is, -t"Mf i 7^ 0, t^o i-^ t, 
Sl: t^T"''^, q^T-\ xx^T-'^"°'^'''^, -t-'^ if i ^ 2, ts^ ^ t. 

The corresponding H^-modules are 

: K I— > c, '-^ Pc • A, — 1 if i 7^ 0, Sq 1— > 1, 

S'\: c, ^x 1-^ "^'"Pc - A, Si H^. -1 if i 7^ 2, S2 H^- 1. 

Set S_c = ^^S|, S_c = -^^^Sj, etc. The H_c-modules S_c, S'_^ are spherical but 
not y-spherical. The H_c-modules S_c, S'_c are neither spherical nor F-spherical. 

2.2.6. Remarks, (a) Fix A^-th root of q. The group n acts on Xq © {1/N)ZS 
as in 1.0.2. Let 7U be the Cg^ ,t-algebra generated by H, Q with the relations 

TTr-tsiTT"^ = tg^ , TTrXxn''^ = a;^ if "''A = fi, '^'■ai = ttj. 
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Sec [C4, clef. 2.12.L 2.12.3]. We call TU the extended double affine Hecke algebra 
(written EDAHA for short). The degenerate EDAHA, denoted by 7U' , is defined 
in the same way. For each /x e Yq, r e O we set Xo^+(i = i^rtw^x^ G 7U. Recall 
that Xq = Yq + '^^{dr +Yq). Then TH is generated by the elements x\, x^, with 
A e Xo, A e Xq, and w £ Wq. 

Write "Hi for the EDAHA associated to Gc- The Cherednik- Fourier transform 
is the unique C-algebra isomorphism such that 

CF: TU-^nt, Xo^^Xo^, .To^t-^Xo^, tg^ ^ , Qn^In^^ ti-^t~^, 

with i € Iq. The dual here is due to the fact that ?U is built over the Hecke algebra 
of Wo and the lattices Xq, Xq, while in loc. cit. the EDAHA is built over the Hecke 
algebra of Wq and 2 copies of Xq- 

(b) The equivalence 2.2.4 has also an obvious analogue for H. 

(c) By A. 1.1(b), A. 4.1, and the analogue statement for H' it is easy to see that 
the diagrams below commute (here we set = (s~^,t~^)) 

Irr(05(He)) ^ Irr(0^(H:^)) Irr(O^H)) ^ Irr(0^(H(;.))) 

IM i i IM IM [ [ IM 

Irr(0,t(H_J) ^ Irr(Oj,(H'_J), Irr(0;,t(H)) ^ lrr(0;,t (H(;,t))). 

Recall that the equivalence between graded and affine Hecke algebras commutes 
with IM up to conjugation by an invertible holomorphic function on the torus. For 
DAHA's one must consider, instead of an holomorphic function, an infinite product 
of holomorphic functions, yielding delicate questions of convergence. 

(d) For each A = {fi,m) with jj, G Xq, setting s = fiirm) we get Aq = ^o,(h)- 
Thus 2.2.4(a) yields an equivalence Os(Hc) — > 0^{li'^) which preserves the dimen- 
sion of finite dimensional modules. 

(e) In the paper we'll only use degenerate DAHA associated to Chevalley groups. 
A degenerate DAHA can be associated to any connected reductive group Gc, or to 
any root datum {Xq, Aq, Yq, Aq), by mimicking the definition of H in section 2.1. 

2.3. Reminder on rational DAHA's. 

The rational DAHA associated to Gc is the unital associative C„-algebra H" 
generated by Vq, Vq, Wq with defining relations 

wX'w~^ = '^A, wX'w~^ = ""A, Xp, = fiX, A/Li = jiX, 
AA — AA = A • A + K (a • A)(A • a)Sa, 

for all X, fi E Vo, A, /i e Vqj w G Wq. There arc C-algebra isomorphisms 

IM : H" H", Si 1-^ -Si, A A, A A, k i-^ -k, 

CF : H" — > H", w 1-^ w, Oj i— > — 2di/(di, a^), hi ^ 2ai/ {ai,ai), Ki—>-K. 

The subalgcbras generated by Vq,Vq arc isomorphic to the polynomial alge- 
bras Ck[Vo], CK[Vb] respectively. Recall the subcategory 0(H") C mod(H") from 
[GGOR], which consists of the finitely generated modules which are locally finite 
over Ck [Vq] and such that k acts by multiplication by a complex number. 
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The multiplication yields an isomorphism CkIVq] (S> CWq (8> C[Vo] H". See 
[EG] for details. Let triv be the one dimensional Wq k C[Vo]-inodule such that 
Vo, Wq act trivially. The induced H"-module P" = Py = H" 0w„tKC[Va] t^iv is 
equal to CK[Vb] as a Cre-module. We set also P^ = H" ^WokC[Vo] triv. Wc write 
H", P", P^ ^ for the specialization at the maximal ideal (k — c). A H"-modulc is 
(X)-spherical if it is a quotient of P", and F-spherical if it is a quotient of P'x c- 

Let m.od{'H.")nii C mod(H^'), 0(H")„ii c 0(H") be the full subcategories con- 
sisting of the modules which are locally nilpotent over C^fVo]. Finite dimensional 
H"-modulcs belong to mod(H")„i( by 2.3.1(d) below. 

2.3.1. Proposition, (a) The U'^-module P" has a unique simple quotient L". 

(b) There is an equivalence of categories mod{'H.'^)nii mod(H^)„„j which pre- 
serves the dimension of finite dimensional modules. 

(c) It restricts to an equivalence 0(H")„jj 0(H^)„„j, and to an equivalence 
from the full subcategories of spherical, Y -spherical modules to the full subcategories 
of spherical, Y -spherical ones respectively. 

(d) Each finite dimensional H'^-module M is isomorphic to '-^^M. In partic- 
ular it is spherical iff it is Y -spherical. Further the subalgebras C[Vo\, C[Vo] act 
nilpotently on any finite dimensional module. 

Proof : Claim (a) is proved in [DO, cor. 2.28, prop. 2.34], [D2, prop. 3.5]. 

Part (b) is due to Cherednik. For any A G Vq consider the formal series /(A) = 
(1 - exp(-A))-^ - A"^ in C[[Vo\]. The action of A on M G mod„i;(H^') is nilpotent. 
Wc assign to M the H^-module with the same underlying vector space and the 
action such that 

w>-^w, 1-^ A - kA -p + K ^ (a- A)/(a)(l - Sa), exp(A), 

a6A+ 

with A e Xo, A e Yo, and w G Wq. Sec [BEG, prop. 7.1], [C4, sec. 2.12.4] for 
details. This functor yields obviously an equivalence from the full subcategories of 
spherical, t^-spherical modules to the full subcategories of spherical, F-spherical 

ones respectively. 

Part (c) is obvious, while Part (d) is proved in [EG, sec. 1.5], [BEGl, sec. 3]. 
Indeed, the elements 2 ajOi/(ai, Oj), 2J2iaidi/{di,di), and j2iioidi + ajOi)/2 
form a s^-triplc in H". Under the adjoint action H" is a locally finite 5(2 (C)- 
module. Thus this action exponentiate in a compatible way, both on H" and the 
finite dimensional module. The action of the element (_j q) in SL2(C) yields a 
linear automorphism CF of M such that CF{xy) = CF{x)CF{y) for all x G H^', 
y eM. Thus ^^M ~ M as a H;.'-module. □ 

2.3.2. Example. If c = —1/h the H" module L" is particularly simple, since it is 

one dimensional such that k c. A, A 0, Si 1. 

If dim(L") < 00, let LJ, be the H^-module associated to L" via 2. 3. 1(b), (d). The 
H^-module is spherical by 2.3.1(c). Thus it belongs to Oc(H') by 2.2.2, because 
this category is stable under taking quotients. By 2.2.6(d) there is an equivalence 
Oc(H^) — > Oc(Hc) which preserves the dimension of finite dimensional modules. 
Let Lc be the image of L^ by this equivalence. The modules Lc, are both 
spherical, finite dimensional, and simple. 
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We'll say that a finite dimensional Hc-module M comes from H" if M S 0;i(H) 
for some h such that Aq = ^o,{h) and if the corresponding H'^-modulc belongs to 
the subcategory mod(H^)„„j. We'll also say that a finite dimensional Hg-module 
comes from H" if its restriction to He comes from H". 

Set Lt = -f^^L^c, = "^i^'-c, and V^^ = -^^L'^^. For a future use, let us 

quote the following basic facts. 

2.3.3. Proposition, (a) One simple finite dimensional quotient ofF^ at most 
comes from H". Further, a finite dimensional quotient o/Pc which comes from H" 

is isomorphic to lie. 

(h) The modules L^, are spherical and Y -spherical. 

(c) The equivalence 2.2.4 takes to Lj, and 2.3.1(h) takes L'^'^ to . 

Proof : Part (a) is obvious, because if a simple finite dimensional quotient of Pc 
comes from the H"-modulc M" , then M" is spherical and finite dimensional, thus 
it is isomorphic to L^' by 2.3.1(a). Part (b) follows from 2.2.3(b), 2.3.1(c), (d). 

Let us concentrate on Part (c). The first claim is obvious by A.4.1. The auto- 
morphism IM of H' takes to itself. Hence, since L'_^ G 0_c(H')„„i, we have 

l'} G Oc(H')„„i. Thus L'J comes from a simple H"-modulc M. Since L'_^ is 
y-spherical by Part (b), the H^-module l'} is a quotient of Px,c= ^'c ®cw sgn, 
where sgn is the signature of W. Thus M is a simple quotient of the H"-module 
F'xc— -^c ®vyoKC[Vo] Sgn by definition of 2.3.1(b). So is a simple quotient of 

the H'l^-module P^ -c. i-e-, it is spherical by 2.3.1(d), yielding M = = L"^- 

We are done. 

□ 

2.3.4. Question. Is it true that the equivalence 2.3.1(h) commutes with IM (at 
least when restricted to irreducible modules)? 

2.3.5. Remarks, (a) In typo An the finite dimensional H"-modules arc classified 
in [BEG2]. We have dim(L^') < oo ifl[ ni = h, fc < 0. 

(b) The category of finite dimensional H'^-modulcs is not equivalent to the cat- 
egory of finite dimensional H"-modules. Compare [BEG2, prop. 7.1]. If {Gc,c) = 
(C2,l/2) then S'^^ S'l do not come from H", because ^0,2 — 1 on both. 

(c) If (Gc, c) = (C2, 1/2) then , S'^ do not extend to 7H -modules. However, 
since O = {2} and ^^pc ~ Pc the sum S',^ ffi S'|! is a two dimensional simple 
7?^'-module such that 7r2 1-^ ( ^ g). It does not come from H" either. 

(d) If Gc = G2 then H' = TU' . If c = 1/3 the assignement 

^c- ^ (%'^ao°^,;^), Sll-^-id, S2^("o^°), SOl-^^(i_\), K^C 

yields a two dimensional simple H^-module which does not come from H", because 
1 ( 1^ -1) ■^liich is not unipotent. If c = 1/2 the assignement 

/Pc-A \ /-I 0\ 

S:,^ a ^ «Vc - A , si ^ -1 , 
V '^'"pc-XJ V 1/ 
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/-I \ /1/3 8 \ 

S2 1/2 3 , So 1/9 -1/3 , K^c 
V 1/4 -1/2/ V -1/ 

yields a three dimensional simple H^-module which does not come from H". In 

both cases the module S'_,, = ^^'^S'^^ is spherical. 

(e) The modules P^, Pc do not have a simple top in general. They may 
even admit several finite dimensional simple quotients. For instance, if {Gc,c) = 
(C2, —1/2) then S|, is the quotient of P', by the ideal generated by Cai — Ij + 1; 
while is the quotient by the ideal generated by (^ai — l)(Ca2 ~ 1) + (^02 ~ 1)^) 
2fe, - 1)^2-1) + fe,- l)'. 

(f) In this paper we consider H"-modules with c G Q only. There are no finite 
dimensional simple H"-modules if cis not rational. See [BEGl, cor. 2.11] for details. 

(g) In type An all simple finite dimensional H-modules come from H" by [FG]. 
This does not follow from [BEG2]. 

2.4. DAHA's and affine Springer fibers. 

Let G be the maximal (=Kac-Moody) central extension of G by C^. Consider 
the groups G = G x , = G xi . Here denotes the group acting by 
'rotating the loops'. Write C^^^ for the image of in the center Z{G). View Tg, 
Td as closed tori in G, Gd in the obvious way. Then To Tq x C^^, f = TJ, x 
are the inverse image of Tq, in G, G respectively. We will also view H, H as, 
closed tori in G^ x C^, G x C^. Let q, t, ^, f) be the Lie algebras of G, T, H, H. 

For each w <= W let C Q he the Iwahori Lie subalgebra containing t whose 
set of real roots is equal to u'(A+). Let B be the set of all Iwahori Lie subalgebras 
in g (i.e., the set of Lie subalgebras G-conjugate into bi). Set u^, equal to the 
pronilpotent radical of b^, and = Ni^^{bw) (an Iwahori subgroup). 

The parahoric Lie subalgebras of g are those Lie subalgebras which contain 
an Iwahori Lie subalgebra. The conjugacy classes of parahoric Lie subalgebras 
correspond bijectively to the subsets of /. A parahoric Lie subalgebra is said to be 
of type i if it is conjugated to bi^^. Set bw^i = b^ + b^g. and Byj^i = A^(5(b^,j). So 
bw,i is the unique parahoric Lie subalgebra of type i containing b^. More generally, 
for each b G S let bi C g be the unique parahoric Lie subalgebra of type i containing 
b, and be its pronilpotent radical. So Uu,,i denotes the pronilpotent radical of 
bw,i- Let Bi be the set of parahoric Lie subalgebras of g of type i. A parahoric 
subgroup of G is the normalizer of a parahoric Lie subalgebra of g. 

Let A/" C be the set of TN elements, and 

Jif = {{x, b) e g X B;x €u}, 

where u is the pronilpotent radical of b. The first projection n : Af g takes 
J\f onto Af by [KL2, sec. 2, lem. 1]. There is an unique G x C^-action on Af, B, 
and Af such that acts by 'rotating the loops' and by scalar multiplication 
on g and trivially on B. For each h = (s,t, C) S G x C^, we set s = (s,t) and 
(ads) = (ads) o Fr- For each b £ B, x G g we have 

h ■ X = (~^{ads){x), /i • b = (ads)(b). 

Now let h £ H, i.e., we assume that s G Tq. Set G* = Zq{s). Since Q does 
not act on G we may also write & for G*. Consider also the fixed points subsets 
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0^ C g and G'^ C G. Let G^'° C G'' be the connected component containing the 
unit. The set of affine roots of q which appear in is 

S)fc = {aG A;a(s) = C^}. 

Notice that Dh C Are if ^ (''')) and that A/, c Are because r is not a root of 
unity. 

2.4.1. Lemma, (a) The groups G^ , G^'° are the sets of C -points of connected 
reductive groups, and g^ is a finite dimensional space. 

(b) The root systems of the pairs {G^,T), {G^'°,To) are both isomorphic to Ah- 
The G'^'" -orbits and the & -orbits in the nilpotent cone of g^ are the same. 

Proof : Part (a) is proved in [VI, lem. 2.13]. The connected group G'^'° is generated 
by To and the root subgroups associated to the roots in Ah, by the axioms of a spht 
BN pair. See [SS, sec. II.4.1]. The x C^^-torsor G^G factors to a x C^^- 
torsor & G^'° . To prove (b) it is enough to check that any nilpotent G''''°-orbit 
O C fl'' is preserved by the (adC^ )-action. This is obvious. Indeed, the actions of 
(1, T~^, 1) and (s, 1, C) on g^ are the same. Further O is preserved by the action of 
(s, 1,1), because s G Gq'° since Go is simply connected, and O is preserved by the 
action of (1, 1, C) because O is a cone. 

□ 

Let Uh be the cardinal of the set A+ = A/^ n A+. Let C & be the Borel 
subgroup containing T associated to A^. Recall that Wh = Zw{h) by 2.1.8(b). 
The set = {w e W;B^ C\& = B*^} \s a set of representatives of the right 
Wh-coseis in W. 

The element h acts on A/", B, Af. The fixed points set Af^ is the set of C-points of 

a C-scheme of finite type, fif^ is the set of C-points of a smooth C-scheme locally of 
finite type, and tt yields a G''-equivariant proper morphism tt'* : Af^ — » Af^. Since 
the /i- action on B depends only on s we may write B^ = B^. The set B has the 
structure of an ind-projective ind-C-schcmc, such that B'^ is a closed C-subschcme 
locally of finite type. So are also the affine Springer fibers = {n'^)~^{x) for any 
X, or Bx = Tr~^{x) if x is RS. It is known that Bx is connected, and that it is a 
(projective) variety iflF x is ERS. See [KL2, sec. 3, cor. 2, sec. 4, lem. 2] for details. 
Let us quote the following basic facts for a future use. 

2.4.2. Lemma, (a) For each x G Af^ we have dimif*(S^,C) < oo iff x e A/'l^g- 

(b) Ifr'' ^ whenever m > > k, then Af^ = g^ and it may have an infinite 
number of G^ -orbits. 

(c) If ^ C^™ whenever m,k > 0, then Af^ consists of nilpotent elements and 
has a finite number of & -orbits. 

(d) Ifr'^ ^ C^'" whenever m,k ^ 0, thenAf^ = g^ consists of nilpotent elements 
and has a finite numher of G^ -orbits. 

Proof : Part (a) follows from [KL2]. Indeed, if x € Af" \Af^s t^i^n Bx C B is 
a closed infinite dimensional sub-ind-scheme by loc. cit., sec. 2, lem. 6. Hence 
th(^ fixc^l points set Sj , which is locally of finite type, has necessarily an infinite 
number of irreducible components. Thus if*(S^, C) is infinite dimensional. Further, 
if a; G Af^g then the dimension of the homology is finite iff a; G A/'^j^g by loc. cit., 
sec. 3. 
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Parts (b) to (d) arc proved in [VI, 1cm. 2.14]. We give another proof of (b), (c) 
for the comfort of the reader. Observe that (d) is a direct consequence of (b), (c). 
First recall the following : 

(i) we have a; G ^ iff ipir]{x) S eA, 

(ii) an element a; S is nilpotent iff ^ir}{x) = for each i, 

(iii) li X £ we have Fr(pi'ri{x) = ('^'^'(piri{x). 

Therefore, if t'^ ^ C^™ for each m, fc 7^ and x ^ ^ then ipiri{x) = by (iii), 
hence x is nilpotent by (ii). Further, if t'^ ^ for each m,k > and x G A/''' 
then ipiri{x) S eA by (i), hence ipiij^x) = by (iii), so is x nilpotent by (ii). Finally, 
if t'' = C^"* for some m,k > and x G q'^ then ipi'q{x) e eA by (iii), hence x e N'^ 

by (i). 

Thus we are reduced to check the second claim of (c). For the comfort of the 
reader we reproduce here the proof from [VI] . Let L C Xq be the subgroup gener- 
ated by the set Ao^(/i), and let e be the cardinal of the maximal torsion subgroup 
of Xq/L. 

Assume first that ^ C^™ for each m, k ^ 0. There is an unique group 
homomorphism 7 : L — > Z such that a(s)T^'^"^ G (C^) for each a G ^o,{h)- Fix an 
element X gYq such that 7(a) = a • A/e for each a G ^o,{h)- We have 

Ah = {{a,£) e Arc,(/i);a(si) = a{s2) = l,a • A = el}, 
Dh = {{a,£) G Are,(?i);a(si) = l,a(s2) = C^a • A = e£}. 

where si = A(n7e), S2 = sA(re). Notice that Dh C A^, because ^ (t). Therefore, 
since A;i is the root system of G'''° the conjugation by A(£e)^^ yields a group 
isomorphism G'''° Gq'° with S = {si, S2}. For a similar reason, it yields a linear 
isomorphism 

So ={x^ So; (adsi)(a;) = C"^(ads2)(a;) = x} 

which is compatible with the isomorphism G'^'" ~ Gq'° under the adjoint action. 
Now, by [R6, thm. B] the Go'°-orbits on 0Q are the connected components of the 
traces in Qq of the nilpotent Go-orbits in go- By 2.4.1(b) the G''-orbits in TV* are 
the same as the G'''°-orbits in g'^. So there are only finitely many of them. 

Now, assume that t'^ = with m > > fc relatively prime. There is an unique 
group homomorphism 7 : L ^ Z such that a(s) = t"'*'^")/'" for each a G Ao,(/j). 
Fix an element A G lo such that 7(a) = a • A/e for each a G Ao,(/j). We have 

Ah = {{a,£) G Ai.e,(ft); a(si) = a{s2) = 1, a • A = em£}, 

Sft, = {(tJ)^) G A(/,); a(si) = w", 0(52) = 1, a • A = em£ — ek}, 

where si = X{wem) and S2 = sX{Tem)- Therefore the conjugation by A(eem)~^ 
yields a group isomorphism G^'° — > Gq'° with S = {si, S2} and a compatible linear 
isomorphism 



^ gi e" = {x G So; (adsi)(a;) = zu^x, (ads2)(a;) = a;} (g) e". 
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Further, the latter restricts to an isomorphism — > 7V(f ®£'^. Since the G'^^-orbits 
in N'^ are the same as the G'''°-orbits in by 2.4.1(b), there are only finitely 
many of them by loc. cit. 

□ 

The connected components of are precisely the subsets = (adG'*)(bu,) 
with w e W^. See [R5, prop. 2.3] for the finite type case. So we have 

W W 

with „, = Ba^nB^ and TV"^ = {{x, b) e Af^; b e B^}. For a future use, recall 
that & is connected and that there is an isomorphism of (5'* -varieties 

Ch/B^^^Bt, gB"^ ^ {adg)ib^). 

Set 

H,{B^^,C)= H,{Bl^,C), MBlC)= W iJ*(S^,^,C), 

and 

if(S^) = K{BlJ, k{B>i) = n K{BlJ. 
The following is proved in [VI, sec. 4.9, 6.2]. 

2.4.3. Lemma. There are representations of II on the vector spaces iI*(S^,C), 
For future use let us recall briefly the proof of 2.4.3. Set 

Af ^ {{x,b,b') eMxB^;x ebnb'}, M^^Mr\{M^f, M^^^^ = Mr\{M^ xjif^^). 

The scheme is smooth locally of finite type, and J\f^ is a closed subscheme of 
{N^Y- Thus there is a topological algebra structure on the vector space 

V w 

such that 

Here pij is the obvious projection [M^Y ~^ (-^'')^: and the Tor product is relative 
to the smooth scheme [Af^Y a-^d its closed subschemas TV"'' x , A/"'' x A/''' with 
intersection contained into Pi^{M'^)- The topology is the product topology. A 
similar construction yields a topological algebra structure on the vector space 

V w 

and right continuous representations of K{J\f'^), i?*(7V''',C) on the discrete vector 
spaces K{B^), H^{B^,C), K{M^), H^Af'X) respectively. 
Now, there is a chain of algebra homomorphisms 

(2.4.4) U^K{Af^)^H4Aff',C), 

where ch is the Chern character. So we get right representations of H on K{B^), 
H^,{B!^, C). From now on we will view any right H-module as a left module, up to 
twisting the action by the anti-automorphism OP. Notice that there is no algebra 
homomorphism H — > ^ K{M^^), because the rhs has no unit. 
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2.4.5. Lemma, (a) The modules K{B^), H^{B^,C) are adimssihle with ^ 
weight subspaces equal to H^,{B'^ ^,C), K{B^^). Both H-modules extend uniquely 
to topological representations on K{B^), iJ*(Sj,C). The same holds also with the 
vector spaces k{U''), H^{JV'\C). 

(h) The Tl-modules K{M!^), Ht,{J\fI^,C) are isomorphic (via the Chern charac- 
ter). If X is nilpotent the Ji-m,odules K{B^)^ H^,{B^,C) are also isomorphic. 

Proof : The first claim of part (a) follows from the definition of $ below. So 
H^,{B^,C) is admissible. The other cases are identical. The second claim follows 
from by 2.1.5(c). The first claim of part (b) is obvious, while the second one follows 
from [VI, lem. 6.8]. 

□ 

We'll need more details on the definition of the map Each character A S 
X = X*{T) extends uniquely to a character of the group Bi which is trivial on 
the prounipotent radical. Let C'b(A) be the G-equivariant line bundle on B whose 
sections consist of the functions / on G such that f{gb) = X{b)f{g) for each g £ G, 
b G Bi. Let 0^{X) be its pull-back to Af by the obvious projection. For each 
subvariety ^ C TV" we write Oy{X) for ^^(A)!^;. If 3^ C TV''' we write ^^.(A) for the 
virtual bundle equal to nujew** ^ ^i^)^yf\Af'^W depends on the choice of h). 
We'll use the same notation for a sheaf, or a virtual vector bundle, and its class in 
the Grothendieck group. 

Since Af^ is smooth, the Tor product of coherent sheaves equip K{J\f^) with a 
commutative algebra structure. Given 2: e let A(2;C'^^(A)) be the invertible 

element whose component in K{Afl^) is equal either to 1 — 2;©^^ (A) if '^X{s)z ^ 1 
or to 1 else. 

Consider the closed subsets 

M = {(x, b, b') eM X B^;x eb,b = b'}, 

Afs, = {(x,b,b') eJ\fxB'^;x€u„b^ = b^}. 

There is an obvious isomorphism Afi ~ Af. Set A/? = Afi nAf^ and Af^. = Afsi C\Af^- 
The map $ is defined as follows. First, we have = Q, = t~^. Then 
'^{x\) equals the image of the virtual sheaf {—X) by the direct image K{Afi) — > 

KiAf"). Finally, given A', A" e X such that A' ■ di = A" ■ di = 1 and A' + A" = at, 

the element ^{ttg- + 1) is the image of 

(2.4.6) -O;^,(A')A(O;^,(a,))-iHO^JA")A(C2o;^,(-a0) 

by the restriction k{A/'' x Af'') K(A/J) and the direct image k{Af^J -4 k{Af^). 
The same argument as in [L2] shows that the expression 2.4.6 does not depend on 
the choice of A', A". 

The action of H on K{Af'^) in 2.4.4 can be computed expHcitcly. Set pi : [Af^)'^ — > 
A/"'' equal to the i-th. projection. By definition, the action of x takes £ to 

x£ = Rp2AH^) (f^o^O)- 

The Tor product is relative to the smooth scheme {Af^Y and its closed subsets Af^, 
{Af^Y with intersection Af^. Recall that there is an unique continuous W^-action 
such that "^Oj^uiX) = O^^C^A) for each A. 
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2.4.7. Proposition. For each vector bundle £ over and each i £ I, X € X we 
have (tensor product is omitted) 

Proof : This formula can be proved either by the same technics as in [VI] , using a 
version of Thomason concentration theorem, or by an expUcit computation using 
2.4.6. We'll use the second method. We must prove that 

(2.4.8) Rp2Ams, + 1) ®^ {£ ^ Oj^,)) = — ' — ^. 

Set = {b e B;bi = b^^i} and Af^Xi) = A/'n (b^,^ x We have 

Notice that M.u,,{i), 'S,u,^(i), b^u^i, and u^^i depend only on the class of w in W^/{1, Sj}. 

Now, let us consider /i-fixed points subsets. For each u € Wh \ W/{l,Si} and 
each w G u, let be the G^'-orbit of bu,,i- It depends only on the class u. We 
have = UuK,i- Compare [R5, prop. 2.3]. Set 

B':^^,^ = {b e s^ b. e bV}, 

A4':,„,(i) = {(^,b,b')eA4':;b,b'eS^,(,)}. 
We have ~ G'' x^.^ with ^ = B^^i n G'*. Therefore 

We must compute the direct image by p2 of the restriction to Ar' ^ of the 
virtual bundle 

-0%, {X')A{0%, {a,))-'£^ O'}^^ (A")A(C'(!)^. (-a,)). 

The projection p2,» : , x (.) x B^ ^ b^ ^ x (x, b, b') (a;, b') maps 

into A^"^ Since the forgetful map (A/J) K{J\f^) is surjective, by base 
change it is enough to compute the direct image by p2.w of the virtual bundle 

(2.4.9) m 0>^^u ^^^ K O^t,,, 

for any vector bundle T over ^.j. Notice that Byj^i) ~ B^^i/Byj as a S^,i-variety, 
and that Os„,(j)(A) is the line bundle induced from the character "'A of the torus 
T c Byj. So h acts on Ogh ^.^(A) by fiberwise multiplication by the scalar '^X{s). 
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Let p be the projection B^ ^.^ {point}. If '"ai(s) = 1 then B^_(.j = B^_(j) ~ 
and A.{0^h (cti)) = 1; hence 



Else, we have B^ ^.^ = {b,„,b^sj and A(e»^^ ^.^("i)) = 1 - ^gi. hence 

Further, if ^ai(s) ^ C' then u(j,_, = uj,, hence TV^J (.^ = u^^, x B^ (.), while if 
'^ai{s) = then uj^^^ C u(j, and A(C^O^ft = 1- In both cases we have 

O^u , K k{CO%u i-ai)) = 1 - eO%, i-ai) 

in K{N^ ^^j). Therefore, the direct image by P2,w of 2.4.9 is 

(O^, (A")-C'0^. (A"-c.,))(^0^. (A')-^'^O^. (ai + ^'A')) 



(ai) 



(we use the same notation for the pull-back of to ^j^). Formula 2.4.8 is proved. 

□ 

2.4.10. Remarks, (a) The map <I> is the composition of IM and the homomor- 
phism H — > K{N'^) in [VI]. In loc. cit. the element ^{tsi + is defined via a 

version of Thomason concentration map, see loc. cit., sec. A. 3. 3. Formula 2.4.6 is 
obtained by computing explicitely this element. Details are left to the reader. 

(b) Assume that m = h, k > 0. Lusztig's element Ccox = J2a^a^ with a G 
{(a, £) £ A+ ; p ■ a + hi = fc}, is HERS of type cox and degree c. The vector space 
ff*(Bg^^^,C) is an irreducible Hc-module by [VI]. It restricts to an irreducible Hc- 
module. If fc = 1 this Hc-module is equal to Lj. It has dimension fc" by [F, prop. 1]. 
The dimension of _ff*(B^, C) for other types is considered in the last section. 

(c) The group & may not be a Levi factor of any parahoric subgroup of G. It 
is an afRne analogue of the pseudo-Levi subgroups of a reductive group. See [MS, 
sec. 9] for instance. 

2.5. Isogenies and simple modules of DAHA's. 

The geometric description of the DAHA in [VI] involves the algebra H. In this 
paper we are interested by H and its rational degeneration H". The purpose of 
this section is to recall the classification of elements of Irr(0(H)), proved in [VI], 
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and to explain how it yields a classification of Irr(0(H)). The way to pass from H 
to H is rather classical, and is closely related to Clifford theory. In the afHne Hecke 
algebra case a similar construction was done in [RR] , [R7] . 
First, recall the classification of Irr(0/((H)), for h € H. Let 

he the restriction of the map tt'' to M^. Put dh,w = dim{J\f^). Since is a 
smooth variety, the complex C^h[dh,w] is perverse. Put 

By Gabber's theorem there are finite dimensional vector spaces L^^yj^^^i such that 

^h,w - ^ Lh,w,x,i <H) IC{x) [i] , 

X,i 

with X a G'^-equivariant irreducible local system supported on a locally closed 
subset of Af^, and IC(x) the simple perverse sheaf over Af^ associated to x- Let 
^h,w be the set of simple perverse sheaves IC'{x) which occur in Ch,w We may 
identify Xh,w with a set of irreducible G^-equivariant local systems {%} such that 
Xh.w — {IC'{x)}j hopping it will not create any confusion. Put A/i = IJ^ Xh,w and 
= ^h,w Put also = ®j -^/i,«),x,j and = -^/i,i«,x- 

For each x e Af^ set 

A{h,x) = TTo{ZQh{x)), A{h,x)~^ = 'Ko{ZQh{x)). 

They are finite groups containing the center of Gq. Since the groups A{h,x), 
A{h, depend only on the image of h in T, Td respectively, we may abreviate 
A{s,x), A{s,x)^. For a future use we set 

A{h,x)° = A{h,x)/Z{Go). 

If t'' ^ for each m,k > the set Af^ consists of a finite number of nilpotent 
G'*-orbits by 2.4.2(c). For each orbit O, taking the stalk at any element x G O 
identifies the G'^-equivariant irreducible local system x on O with the irreducible 
A{h, a;)-module Xx- The pair {h, x) is called the Langlands parameter of i/i,^- The 
group A{h,x) acts obviously on the space i?*(B^,C). The actions of H, A{h,x) 
centralize each other. 

We'll say that the Langlands parameters {h, x), {h', x') are G-conjugate if r = r', 
( — C, and there is an clement g £ G such that s' = (adg)(s), x — (ad5)~"'^(x') 
(where (adg)"^ is the pull back of constructible sheaves by the map adgi). Notice 
that, since s, s' G Tq the elements h, h' are in the same PF-orbit relatively to the 
action 2.1.1, by the axioms of split BN-pairs. 

For each x £ Af^ let IC{x)x be the stalk at x of the cohomology sheaves of 
the complex /G(x)- It is a graded vector space. The following is proved in [VI, 
thm. 7.6]. 
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2.5.1. Proposition, (a) The vector spaee L^^x structure of a simple 

module in Oh(H-)- We have Irr(0;i(H)) ~ {Lh^^w £ -^/i}; '"^'^ two simple modules 
are isomorphic iff their Langlands parameters are G-conjugate. 

(b) If t'^ 7^ C^™ for each m,k > 0, then Xh is identified with the set of &- 
conjugacy classes of representations in Irr(A(/i, x)), where x varies in , which 
are Jordan-Holder factors of the module H^:{Bi^, C). 

(c) The il-module Ht,{B'^, C) has a finite length, and its class in the Grothendieck 
group is ^h,x IC{x)x- 

Further, if ^ for each m.k > 0, given any w there are siirjectivc maps 

Hom^(/j ^, C)) Lfi^^^x,- It yields a surjective H-modules homomor- 
phism 

(2.5.2) RomAiH,.){x,H4BtC)) ^ ^ft.x- 

Now, the set Irr(0(H)) may be recovered from Irr(0(H)) as in [RR, appendix], 
[R7] for the afhne Hecke algebras. Given s G Tq, z G C^^ we write 

.s, = (s,z) G To, S, = {S,z)ef, /i^ = (s^,C)eF. 
We have the following (see also [VI, sec. 8.3]). 

2.5.3. Theorem. Assume that t*^ ^ (^"^ for each m,k > 0. There is a bijection 
between Irr(0;j(H)) and the set of G'^- conjugacy classes of representations G 
liT{A{h, x)~^) , with X e TV*, such that x"*" appears in if*(Bj,C). 

Proof: Write G^ for G"' (it is independent of the choice of z). The group 

Z^i~s)+ = {g&G; (ad5)(5.) e S.C^ J 

is well-defined (it is independent of the choice of z). The axioms of a split BN pair 
imply that Zq(s)+ is generated by T, the root subgroups associated to the roots 
in Aj, and the n,„'s with w G W such that € Szz' for some z,z' G C^^. Thus 
it is a linear group which contains as a closed normal subgroup. Further, since 
the latter is generated by T and the root subgroups associated to the roots in Ag^ 
by 2.4.1(a), the quotient Zq{s)~^/G^ is a finite group. 

For each x e Af^ we set Zq{s, a;)+ = Zq(s)+ n Zq{x). Observe that 

A{s,x)+ ^TTo{Z^{S,x)+), 

because Z^(s, .e)+ is the inverse image of Zqs^{x) by the obvious projection G G^. 
Thus there is an exact sequence of groups 

1 A{s,x) A(s,a;)+ B{s,x) 1, 

where B{s, x) is the image of Zq{s, x)^ in the finite group Zq{s)^ /G^ . In particular 
the group A{s,x)^ acts by conjugation on A(s,x), yielding an action % ^x of 
B{s,x) on the set Irr(A(s, x)). For each x let E{s,x) be the endomorphism ring of 
the induced ^(s, a;)+-module 

nx) = lndi\tfix)- 
Observe that if 5 G B{s,x) then /(^x) — -^(x) A(s, a;)+-modules. Thus 

E{§,ax)-E{~s,x) 

as algebras, yielding a bijection Irr(£'(s, x)) — Irr(£'(s, ^x)), ip 1— > ^tjj. Equip the 
H-module Lh^^x with the restriction of the action to H. 
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2.5.4. Lemma, (a) There is an algebra isomorphism E{s,x) = EndH(i/i^,x)- 

(b) The restriction of L^^^-^ to H is a sum 0^ ('^'-^t ^ 
Irr(i?(5,x)) xIrr(0;,(H)). 

(c) Each m,odule in Irr(0/i(H)) arises in this way. Further L'f^l^^^ — ^tl,x2 
there is an element g G B{s, x) such that X2 = ^Xi; '4'2 = ^i^i- 

To finish the proof we must check that the assignement 
(2.5.5) {z,x,x,'4^) ^ {x,X*'), 

where is as in 2.5.10 below, factors to a bijection from the set of quadruples 
{z,x,x,^) G xAf^ xItt{A{s,x))x1vv{E{s,x)) such that x appears mH^{B^,C) 
modulo the equivalence 



(^i,a;i,Xi,V'i) ~ (^2,a;2,X2,'^i'2) 3g G G'^ s.t. < 



X2 = (ad5)(a;i), 
X2 = ^Xi, 

tjj2 = ®Vl 



to the set of G"*-conjugacy classes of pairs {x, x"*") & A/"** x Irr(A(s, x)^) such that x"*" 
appears in i/*(S^,C). Here, when writing X2 = ®Xi) '02 = ^V'l we are identifying 
A(s,xi) with its image in A{s,xi)'^ and wc consider the bijection A(S,xi)'^ 
A{s,X2)^ induced by (ad^i). This notation is coherent with the one before 2.5.4. 
Indeed, if xi = X2 then g e Zqs^{x\). So, identifying g with its image by the chain 
of maps 

Zas ixi) A{S,xi)+ = noiZcsixi)) B{s,xi), 

d a 

the elements ^xi) ^V'l are the same as above. 

To prove that 2.5.5 is one-to-one, observe that both 2.5.5 and the assignement 
(x, x^) '-^ [z, X, X, V")? where x is any composition factor in the restriction of x~^ to 
A{s,x) and ip = Hom^(5 j,) (x, x^); respect the equivalence relations. Therefore, it 
is enough to prove that x^ appears in H^{B!^,C) iff x^ = ^oy some pair (x, V") 
where x appears in C). This follows from the proof of 2.5.4(a). 

□ 

Before to prove 2.5.4 we recall some standard material. See [RR]. The map 

/ : Z^{S)+/& ^ C^^ C^ 5 ^ (ad5)(S.)S;^ 

is a closed embedding of groups. Its image, C(s), is a finite subgroup of which 
does not depend on z. The group acts by algebra automorphisms on H in such a 
way that the action on H is trivial and z'-Xu,o = z'xuo for each z' G . The algebra 
H is the fixed points subset H"' . Twisting a H-module by the automorphism z' 
yields a map 

Irr(0„,(H)) ^Irr(0^^^,(H)). 
So for any module M G Irr(0;i^(H)) the inertia group 



C(M) = {0'eC^;^M~M} 
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is contained into the finite group C(s). Choosing H-module isomorphisms 

(j),, -.M ^ "'m, Mz' G C(M), 

we define a cocycle t] : C{M) x C(M) — > such that o <^^^ = r]{zi, Z2)4>ziZ2- 
Here is canonically identified with M as a vector space. Let C{M)jj be the 
C- algebra spanned by linearly independent elements , z' G C{M), with the 
multiplication rule 

gzig22 _ ri{zi,Z2)e''''''^. 

Its isomorphism class is independent of the choice of the isomorphisms (f>zi . 

2.5.6. Lemma. The restriction of each M e lTi:{Oh, (H)) to H is a sum 0^ M'l'^ 
Tp, where G Irr(C(M)^) and M'>' G {0} U Irr(Oh(H)). 

Proof : The algebra H acts on M by restriction, and C{M)n via the H-modules 

isomorphisms (pz : M ^ ~ M. Since the group C(M) is finite, the algebra 
C{M)n is semi-simple. Thus M = 0^ (g) with ^ € Irr(C(M)^) and M'^ € 
mod(H). We must prove that M'^ G Irr(Oft(H)). For all /i' G the set {w G 
W;'^hz G ^'C^i^} is finite. So the weight spaces of the restriction of M to H arc 
finite dimensional. Hence the H-module M"^ is admissible. Thus it is enough to 
check that it is irreducible. 

The proof is modelled after [RR] (we can't apply loc. cit. because is not a 
finite group). Let ^p* G Irr(C(M)^-i) be the module dual to -0. The tensor product 
M (g) V* is a H X C(M)-module such that 

xz{m 1) = xcpzim) (g) zt, \/{x, z) ellx C{M). 

Let mod(H x C^)rat be the category of C^-equi variant H-modules which are ratio- 
nal as -modules. The algebra H is Z-graded, because the -action is rational. 
Let p be the linear character of C^. The induced module (from the finite group 
C{M) to the algebraic group C^) 

equipped with the H x -action such that 

xz{p^ ®m®t) = z'^-p"'^ (g) xm (g t, 

for each x G H which is homogeneous of degree j and for each ^; G C^, belongs to 
mod(H X C^)rat- By Frobenius reciprocity we have 

Ind(M (g) V*)^'' = (M (g) V*)*^'^^ = M"^. 

Therefore, we are reduced to prove the following 

(i) the H X C^-modulc Ind(Af $5 ijj*) is irreducible, 

(ii) taking -invariants is a quotient functor (in the sense of Gabriel) 



mod(H X C^)rat ^ mod(H). 
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Let us prove (i). Let Um be the order of the group C(M). Then Ind(M (g) tp*) is 
a free C[p^""]-module. For each z' S the evaluation map p"" i— *■ 1/z' factors 
to a surjective H xi C(M)-module homomorphism 

ev^' : Ind(M (g) ip*) ^'m ip*. 

The rhs is irreducible, see [M3, p. 203] for instance. Thus if iV c Ind(M (g) ip*) is a 
HxC^-submoduIe then eVz'(N) equals cither {0} or ^'M^ijj* . If eVz>{N) = {0} for 
some z' then eVz'{N) = {0} for each z', because A*" is stable under the C^-action, 
yielding 

N c - z')\nd{M (g) V*) = {0}. 

z' 

Thus eVz,{N) = ""'M ® ip* for each z', yielding N = Ind(M ip*). 

Let us prove (ii). Let B denote H with its natural (H,H x C^)-bimodule struc- 
ture. The functor 

: mod(H) ^ mod(H x C'')rat, N ^ Romu{B,N) 

is right adjoint to the functor 

F* : mod(H x )rat ^ mod(H), TV A^"^'' . 

Further we have 

F*F^{N) = llomii{B,Nf = HomH(H,7V) = N. 
So Ker {F* ) is a localizing subcategory and F* yields an equivalence 
mod(H X C^)rat/Ker (F*) mod(H). 

□ 

Proof of 2.5.4 : It is enough to prove part (a), because (b), (c) follow from it. It is 
easy to prove that 

as H-modules. Compare [R7, prop. 2.6.1]. Thus the group A{s,x)'^ acts on the 
space H^{B^,C). Notice that this action does not centrahzes the H-action, but it 
centralizes the H-action. Further, 2.5.2 and section A. 3 imply that Lh,x is the top 
of the H-module 

BomACs,.)+{I{x),H*{BlC)) ^ Hom^(,-^,,)(x, Q)- 
Therefore there is an algebra homomorphism 

(2.5.7) ^(§,x)^EndH(ih„x). 
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The group B{s,x) acts on Irr(A(s,a;)) in the obvious way. Let B{s,x) be the 
isotropy subgroup of %• We have \B{s,x)\ = dimE{s,x) by Mackey's theorem. It 
is easy to check that 

f'-3)Lf,^,^c^Lh^^,^, \fgGB{S,x). 
Compare [R7, prop. 2.7.2]. Thus we have 

CiLn^,^) = f{B{§, x)), C(L,,,^), ^ E{§, x). 
Therefore 2.5.6 yields 

dimEndn ,x) < |Irr(C(L^,,,x)»?)l = dim£;(s,x)- 

Hence it is enough to prove that 2.5.7 is injective. 

Recall the decomposition = ^ in section 2.4. Each subspace H^{B^ .^, C) 

of iI*(S*,C) is stable under the action of the group A{s,x). Fix w such that 
Lhz,w,x 7^ {0}- Then x appears in H^{B^_^,C). Now the action of Zq{s,x)'^ on 
B^ permutes the components B^ ^ . Wc claim that the stabilizer of any of them is 
Zq-,{x). Thus, the A(s, a;)+-submodule of H^{BlX) generated by i?«(S| ,„,C) is 
equal to 

indis::;:]"(//*(B^,.,c)). 

It follows that Ht,{B^,C) contains I{x)- Thus 2.5.7 is injective. 

It remains to verify the claim. Assume that the element g S Zq{s)~^ preserves the 
component B^. Modifying g by an element of G" we may assume that it normalizes 
B^ and T. Thus Byj and {adg){Byj) are both fixed point of B^ acting in B^ via 
the restriction of the G^'-action. Hence By, = {adg){Byj). So g € B^ f\NQ{T) = T. 
Therefore g £ G^. We are done. 

□ 

2.5.8. Corollary, (a) In type A the restriction yields a bijection Irr(0;i^(H)) 
Irr(0,,(H)). 

(b) If C = t'^^^ Ao = Ao,(/i) the restriction yields a bijection Irr(0/j^(H)) — > 
Irr(0?,(H)) for any z. 

(c) Any simple spherical He-module is the restriction of a module in lrr(0^t ^ (H)) 
for any z. 

Proof : Part (a) is obvious, because no local system enter in the classification of 
Irr(0(H)) in type A. See [VI]. Let us concentrate on part (b). It is enough to check 
that A{s^,x) = A{s,x)+ (see, f.i., 2.5.9 below). We'll prove that Zq{s)+ = G'. 
To do this, according to the description of the quotient Zg(s)+/G* in the proof of 
2.5.3, it is enough to check that Zy/{s) is generated by the reflections with respect 
to the roots in Aj. Fix /i e as in 2.2.3(a). We have Zw{s) = Zwifi, m), because 
T is not a root of unity. Formula 1.0.2 yields 

Zwiii,m) = \ gYo,w e Wo,fi — '^jl = mX} 
~ {w G Wo; fi-'^jle mYo} 
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Further, since Gq is simply eonnected, the group ZwoiiJ-m) is generated by the 
reflections with respect to the roots in 

{a e Ao;a(/i„) = 1}. 

On the other hand, we have 

Ag = {(a, ^) e A; a • /i + m£ = 0} 
~ {a G /\o;a{jlm) = !}• 

Part (c) is a direct consequence of (b), because Aq = Ao^(c) and a spherical He 
belongs to Oc(H) by 2.1.4. 

□ 

2.5.9. Remark. The bijection in 2.5.3 is given as follows. For each z e C^^^, 
X e N^, X € Irr(A(s, x)) the induced A{s, a;)+-module has the form 

(2.5.10) j(^) = 0;^'A^^^ 

with tp G lir{E{s,x))^ G Irr(A(s, a;)"*"). Now, given x"*" G a;)"*"), we fix 

z, X, tf} such that x"*" = x^ ■ Then the module Lf^^^+ G Irr(0/j(H)) with Langlands 
parameters {h,x^) is equal to L^^^^. 

2.6. Fourier-Sato transform. 

In this section we assume that C = t'^/^ to simplify. Fix h & H. Recall that 
Irr(0?,(H)) = {Lhy, x G ^h} by 2.5.1(a). If A; < then Xh is identified with the set 
of (5'*-conjugacy classes of Jordan- Holder factors of the A{h, .T)-modules 7J* (Bj, C), 
with X G A/''*, by 2.5.1(b). We'll need the sets Xh with fc > 0. Since there may be 
an infinite number of G''-orbits in A/"'', the set Xh is more difficult to describe than 
for negative fc's. This is done via the Fourier-Sato transform. 

Write Ch.o.Ch.Rs for the constant sheaves C{o}. C^Vj?:,' , on {0},7\/p;g respectively. 
Write Lhfi, L/(,rs for the H-modules Lh^Ch,o^ ^h,Ch,Rs whenever they are defined. 

Fix a nondegenerate (adG)-invariant symmetric pairing ( : ) on g. We have = 
G^* . So the bilinear form ( : ) restricts to a nondegenerate (adG'*)-invariant bilinear 
form q'^ X g^* C. Let D'^+{q^) be the derived category of bomidcd complexes of 
constructible sheaves over q'^ with conic cohomology (i.e., the cohomology sheaves 
are constant on the M+-orbits). The Fourier-Sato transform yields an equivalence 
-Dg+(£|'*) — > -Dg+(£|'**). Since & x C^-equivariant sheaves are conic, it yields also an 
equivalence FS : D^^,,^^,^{q'') ^ Z?;^,, Jg'^' ). See [B3, sec. 6], [KSL sect. 3.7] 
for details on the functor FS. The functor FS is difficult to compute in general. 
The following particular case will be important for us. 

Set h = hi. Since (^4)* = h'_l, we have G^^^)* = G^-= and g^''^)* = fl'*-=. Thus 
the functor FS yields an equivalence 



38 



M. VARAGNOLO, E. VASSEROT 



2.6.1. Lemma. Let k > 0. 

(a) There is a bijection Xc,w — * ^h-c,w, X such that FS{IC{x)), IC{x^) 
are isomorphic. 

(b) For each x& Xc we have Z/c,x — ^'^ ^h-cx' tlc-Tnodules. 

Proof : Claim (a) is proved in [VI, sec. 7.4]. See also section A.l. Part (b) is 
conjectured in loc. cit. The modules ^^"^ Lc,x, ih_r.xt belong to 0(H_c). They 
have the same weights by A. 1.1(b). Thus they are isomorphic by A.4.1. 

□ 

2.6.2. Lemma. Let k>0. 

(a) We have Ch_^.o S Xh_^. Lf Ch_^.a G Xh_^,w then C^/'^ [dimA/"^] belongs to 
Xa,w Ifrn€ RN then Cc,rs e Xc and (Cc,rs)''' = Q_^,o- 

(b) Lf m G RN then Lc,rs is a Jordan-Holder composition factor of H^{B%,C) 
for each x S A/^^g. Ln particular dim(Lc,Rs) < oo if m & EN. 

(c) We have dim(L;i_^_o) < oc iff m, G EN. 

Proof : The first claim of (a) follows from 2.5.1(b). Since is a vector space we 
have 

FS{Cj^c[dim{M'^)]) = Ch.^fl = LC{Ch_^fi), 

yielding the 2-nd claim. If m G RN then AA^g 7^ by 1.3.3. Thus 7C(Cc,rs) = 

CM4dimJ\f% and Ce,RS e X,, (Ce,Rs)^ = Ch_^_,o by 2.6.1(a). 

Now, let us prove part (b). The first claim is a general fact which follows from 
the sheaf theoretical approach to convolutions algebras, see [CG, sec. 8.5]. The 
second one is obvious because dim_ff*(;B§, C) < 00 if m G EN. 

Finally we prove (c). It is enough to prove that if dim(L?i_^^o) < 00 then m G EN. 
By 2.6.1(b) and part (a) we have dim(ic,Rs) = dim(I,h_„,o)- Thus we must prove 
that Lc.ns is infinite dimensional if m ^ EN. It is enough to check that if to ^ EN 
then Ct^c [dinx/V''^] G Xc^w for an infinite number of w's. To do that, first notice the 
following basic fact. 

2.6.3. Lemma. Let it : X ^ y be a surjective projective morphism of smooth 
connected complex algebraic varieties. The constant sheaf Cy is a direct summand 

of the complex i?7r*(C;t')- 

The variety A/""^ is smooth and irreducible by 2.4.2(b). Therefore it is enough to 
check that if to ^ EN the map tt^ is surjective for an infinite number of iv^s. In the 
rest of the proof we'll use the terminology of section 3, to which we refer for more 
details. There, we introduce a partition of W into clans such that 

(i) there is a finite number of clans, 

(ii) if w, w' are in the same clan the morphisms tt^, tt^, are the same by 3.4.1(a). 
Set E = {w € W'';-K^{N'^) = Af"}. The set S = [j^^EKi-^w) is a proper 

closed subset of Af" such that 

X eM'\S ^ {w eW'';x e <(7V;5;)} c E. 

Further H*{B^, C) is finite dimensional iff x G A/'Irs by 2.4.2(a), and TV^^g 7^ iff 
TO e EN by 1.3.3. Thus, if to ^ EN the set {w eW'';x € n^{Af^)} is infinite for 
each x G Af'^. Hence, if to ^ EN the set E is infinite. We are done. 

□ 
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Proof of 2.6.3 : By complex we mean a bounded complex of sheaves of C- vector 
spaces with constructible cohomology. Fix a non-empty open subset y' C y such 
that TT restricts to a locally trivial fibration n' : X' = Tr~^{y') y'. Let i be the 
inclusion of y' iny. 

First observe that if F is any semi-simple complex over y with locally constant 
cohomology sheaves over y' such that i*{F) contains Cy> as a direct summand, 
then the complex IC{Cy')[—dim{y)] is a direct summand of F. 

Now, set F = RTr»{Cx)- Since X is smooth the sheaf Cx is a semi-simple 
complex, hence F is semi-simple by Gabber's theorem. Since (tt')*, i?7r^ are adjoint 
functors, there is a canonical map Cy RttI{Cx') = i*{F). Since n' is a locally 
trivial fibration, the complex i*{F) is a direct sum of shifts of irreducible local 
systems over y', i.e., i*{F) — ^^.jOkidk] where Ck is an irreducible local system 
and dfc is a < integer. By construction, the canonical map factors to an injective 
sheaf homomorphism C3;' 0d^=o'^fe- Thus Ck = 'C-y for at least one integer k 
with dk — 0, i.e., i*{F) contains Cy as a direct summand. 

Finally we have /C(C;y')[— dim(3^)] = Cy because y is smooth. Therefore Cy is 
a direct summand of the complex Rnt,{Cx)- We are done. 

□ 

2.6.4. Example. The case m = h, k > was already considered in [VI, sec. 9.3]. 
The vector space g'' is linearly spanned by the root vectors ea^, es e''. 

Let Xi, ...Xn+i be the corresponding coordinates. Wc have g^g = {xi...Xn+i 7^ 0}, 
s<^ = {xi =X2 = ...Xn = 1}, 0"^° X = (C^)"+\ and Am = Z{Go). Here is 
the group introduced in sections 3.1, 3.2 below. The weights of the (C^)""'"^-action 
ong^ are (1, 0, ...0, -6' • 61), (0, 1, 0, ...0, -6* • 62), ... (0, ...0, 1, -6* • 6„), and (0,...0,/c). 
The semi-simple complex Cc is an infinite sum of the simple extensions of the trivial 
local systems on each orbit except {0} (up to some shift). 

2.7. Geometrization of the polynomial representation. 

First, let us recall the Borcl map for affinc flag manifolds. Let <Yc be the affine 
flag manifold of type Gc studied in [K2] . It is an inflnite dimensional (not quasi- 
compact) T-equivariant scheme over C paved by finite codimensional affine cells 
Xc,w with w £ W . We have B C Xq. Further the flxed-points subscheme X^i is 
locally of finite type, and its set of C-points is equal to B'^. See [VI, lem. 2.13] for 
details. We have the Borel map (see also [KS2]) 

R{f) ®c[9±i] CX ^ KfiXc), V(g)xx^V(E) Oa-c(-A). 

Set h = {s,T,Q G H with ( = t'^/^. Composing the Borel map with the 
evaluation at s and the restriction to the fixed points subset we get a linear map 
CX — > K{B''). Composing it with the Chern character and the pull-back by the 
vector bundle Af^ B^ we get a map 

(2.7.1) CX ^ H4M'',C). 

For each w e W'^ we consider the ideal = r~'^. Write I^'^ = ClweF^^'"^ 
each F CW'', and 

where E cW^ is any finite subset, with the limit topology. 
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2.7.2. Lemma. Assume that C = r*^/^. 

(a) The Ti-actions on Px, Pjf, H^,{B'^,C), H^,{J\f'^,C) extend uniquely to con- 
tinuous actions on Px,h, ^xh' H^{B^,<C), Ht,(M^ ,C). 

(b) There is an isomorphism of topological fi-modules h — H^{j{f'^ ,C). 

(c) Ifk < there is an isomorphism of topological 'H.-modulesPx,h — -ff*(S'',C). 

Proof: Part (a) is obvious. The case of i?*(B'', C), H^{M^,C) follows from 2.1.5(c), 

because both modules are admissible. The case of Px, P^ is proved as in 2.1.7(a). 
Let us concentrate on Part (b). For each w set P^ ^ ^, equal to P^ //'''"'P^. We 

have P^ ^ = Hu, h w with the product topology. The natural map CX Pj^- 
factors to an isomorphism 

CX/7''---pt,_,„,. 
Further, the map 2.7.1 yields an isomorphism 

by 2.7.4(b) below. Therefore, there is an isomorphism of topological vector spaces 

pt,,^a(7^\c). 

See also [VI, 1cm. 4.8(ii)]. It is an H-module isomorphism by 2.4.7. 

Now we prove (c). By part (b) there is an isomorphism of topological H-modules 

^^Px,ft = pt^,^t^^.(^^\c). 

Further H^{Af''\c) - '^H^{B'',C) by A.2.10. Thus there is an isomorphism of 
topological H-modules 

Px,h-H4B\C). 

a 

2.7.3. Lemma. Assume that ( — t^/^ and Ao,(/j) = Aq. 

(a) Any Y -spherical module in Irr(0;, (H)) or any simple finite dimensional quo- 
tient ofPx,h comes from a simple H" -module. 

(b) If k < there is a finite dimensional Y-spherical module in Irr(0;j(H)) iff 
dim(Lft^o) < oo. Further this fic-module is isomorphic to Lh,Q, and its restriction 
to He is isomorphic to Lie- 

Proof: First we prove (a). Since the H^-module P^ c is free of rank one over C[^a], 
it is Z>o-graded by the total degree in the ^a's. The CW^-action is locally finite 
and for each i £ I, Ai, A2, ... Ar G Xq we have 

modulo terms of lower degree. Thus the action of is locally finite and 
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modulo terms of lower degree by formula 1.0.2. Therefore S,^ is locally unipotent 
on P'x c fo'' each A € Yq, because Yq is spanned by the T4^o-orbit of d. Sec [C3, 
prop. 17.23] for instance. So, any quotient of ^ comes from H" by 2.3.1(b). 

Now, let M e Irr(0^(H)) be a F-spherical module. The restriction of M to H 
is simple and F-spherical by 2.5.8(b). Further M comes from a simple quotient 
of 2. 2. 4(a), (b). So M comes from a simple H"-module by the discussion 

above. 

Let M be a finite dimensional H-modulc. Notice that M belongs to 0(H) and 
is a finite sum of weights spaces. Further M = M with the discrete topology. 

Finally, let M be a finite dimensional simple quotient of Px,h- Set Px,h,w = 
/Mpt^ ^, where the rhs is as in the proof of 2.7.2. We have Px,h = Ylyj Px,h,w, 
with the product topology. Since M is a discrete quotient of Px./i, there is a finite 
subset E C W'^ such that Px.h.w maps onto M. Since the ideal acts 

trivially on Px,h,w, we have also /''-^M = {0}. Therefore M G 0/i(H). Let M' 
be the image of P^ by the surjective Hc-module homomorphism Px,h ~* M. We 
have M' = M. So M' = M, because M is discrete. Hence M G Irr(0/,(H)) and it 
is F-spherical. 

Now, let us concentrate on part (b). If dim(I//j^o) < oo then L^fi = L^^q, with 
the discrete topology, and it is a quotient of H^{B'^, C) by 2.5.2. Hence it is a simple 
finite dimensional quotient of Px.h by part 2.7.2(c). Hence it comes from a simple 
finite dimensional spherical H"-module by part (a) and 2.2.4(b), 2. 3. 1(c), (d). Hence 
its restriction to He is isomorphic to Lc- So we must prove the following facts : 

(i) any quotient M of P^ which belongs to Irr(0/i(H)) is also a quotient of the 

Hc-module H^{B^,C). 

(ii) the Hc-module H^,{B^ , C) has a simple top equal to Lh.o- 

Let M € Irr(0/i(H)). Then M is isomorphic to L^^^ for some x ^ -^^i by 2.5.1(a). 
So it is a subquotient of the module H^{B'^, C) for some x G AT'* by loc. cit. Recall 
that 

iJ. C) = F*(St \ C) 

by Poincare duality. Further, the action on i?,(S^^,C) factors through the 
Borel map CX H*{B'^, C) and the cup product in cohomology. Therefore, since 
the ideal /'''"' maps to in H*{B^, C) we have /''•'^M^-i^t = {0}- In particular we 
have 

M = lim {M/I^'^) 

< E 

by 2.1.7(b). Hence, if M is F-spherical then the surjective map Px M factors 
to a surjective map Px,h — * Af- 

Now, assume that M is a quotient of Px in Irr(0/i(H)). There is a surjective 
map Px,h — > M. Hence there is a surjective H-homomorphism H^,{B^,C) M, 
by 2.7.2(c). Let M' c M be the image of H^{B^, C). Since H^{B^, C) is admissible, 
M' is contained into the sum of the weight subspaces of M. Thus M' c M. Further 
M' ^ {0}, because H^{B'',C) is dense in H^{B^,C)- Hence M' = M, because M 
is simple. This yields (i). 

Part (ii) is a particular case of a more general result saying that if fc < then 
standard modules have a simple top. A proof is given in section A. 3. 
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□ 

2.7.4. Remarks, (a) For future applications of 2.7.3, observe that ^o,{c) = ^o- 

(b) Fix a connected reductive group G' . Let B', T', h' , W' be a Borel subgroup, 
a maximal torus, a central element, and the Weyl group respectively. Then the 
Borel map gives an isomorphism 

C[T']/(/ - f{h'yj& a^T') ^ K{G'/B'). 

If G' has a simply connected derived subgroup this is well-known. Else, fix a 
connected reductive group G" siich that G' = G" jZ for some finite subgroup Z C 
Z(G") and G" has a simply connected derived subgroup. Fix also a maximal torus 
T" c G" such that T = T"/Z, and an element h" € T" which maps to h'. Consider 
the following ideals 

J' = {f- f{h')) c C[r']^', J" = (/ - f{h")) c £[tT'- 

The inclusion C[T'] c C[T"] factors to a map 

<C\T']IJ'<C[T'] C[T"]/J"C[T"] ~ K{G'/B'). 

Since the quotient morphism T' — > T'/W is finite and generically a Galois cover 
with group W, the dimension of the Ihs is larger or equal to 

dimc(r,)»''(C(r')) = \W'\ = dim{K{G' /B')). 

To prove that the left arrow is injective we must check that 

{J"C[T"]f = J'C[T']. 

Observe that J"C[T"] is the ideal of the scheme-theoretic fiber ^ of the quotient 
T" T"/W" over the closed point {h") of T"/W'. Further, since the ideal of 
the closed subset h" Z C T" /W is equal to J'C[T"]^', the ideal of the closed 
subscheme C T" is equal to J'C[T"]. Taking Z-invariants we get the equality 
above. 

2.8. Classification of spherical simple finite dimensional modules coming 
from H". 

The main result of the paper is the following. 

2.8.1. Theorem, (a) If m € EN, k <0 then L^^fi is spherical finite dimensional 
and simple. Its restriction to He is isomorphic to Lc. 

(b) If M is a spherical finite dimensional simple Hc-module which com,es from 
H" then m G EN, fc < and M is isomorphic to the restriction of Lh^fl to He. 

Proof : If m € EN, k < 0, then we must check that L^^fi finite dimensional. We 
have Lh^fi ~ -^^L-crs by 2.6.1(b), 2.6.2(a), and dim(L_c,Rs) < oo by 2.6.2(b). So 
the restriction of Lh^,o to He is isomorphic to Lc by 2.7.3(b), proving claim (a). 

Let us concentrate on claim (b). If M is a simple finite dimensional spherical Hc- 
module which comes from a H^'-module M", then M" is also simple and spherical. 
Thus M" = L". Hence M = Lc and it is a simple finite dimensional quotient of 
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Px,c by 2.3.3(b), which belongs to Oc(H) by 2.1.4. So M is the restriction to He 
of a finite dimensional F-sphcrical module in lrr(0^t (H)) by 2.5.8(b), for some z. 
Now we study the cases A: < and fc > separatly. 

If A; < then Lc is the restriction of i/i^,o to He by 2.7.3(b). So i/tc,o is finite 
dimensional. Hence m G EN by 2.6.2(c). 

If fc > then a simple computation using [GGOR, thm. 2.19] implies that P" is 
simple. This was also proved before in [DDO] by other technics. Hence no finite 
dimensional spherical Hc-module comes from H". Another argument is indicated 
in 2.8.2(g) below. We are done. 

□ 

2.8.2. Remarks, (a) Notice that 2.8.1(b) means precisely that the top of the 

H"-module P" is finite dimensional iff m G EN, k < 0. 

(b) There are finite dimensional H"-modules with m ^ EN. They are not 
spherical. For instance, if {Gc, c) = (i?„, l/(2n — 4)) with n > 3 there is an unique 
one-dimensional H^-module such that 

Si,S2, •••Sn-l l-> -1, Sn<-^1, A, A l-> 0. 

Further 2n — 4 ^ EN if n > 5. There is also a non-spherical finite dimensional 
module if {Gc,c) = (1)4,1/2) by [BEG2, sec. 6.6], and another one if {Gc,c) = 
{Eg, 1/15) by [BE]. We'll come back to this elsewhere. 

(c) The theorem implies that there is a y-spherical module in Irr(0(Hc)) iff 
m G EN, fc < 0, and, then, this module is the restriction of Lh^^ to H. Indeed, 
observe first that a F-spherical module in Irr(0(Hc)) is both locally finite and 
finitely generated over <CXq. Hence it is necessarily finite dimensional. Thus it is 
enough to prove that if M G lrr(0;j^^ (H)) is F-spherical finite dimensional then 
m e EN, < 0, and M ~ Lh^^. The module M comes from a H^'-module M" by 
2.7.3(a). Thus we have M" = L" and the restriction of M to He is isomorphic to 
Le. The rest of the proof is as above. 

(d) A y-spherical finite dimensional simple He-module may not belong to Oc(H). 
Counter examples can be constructed by twisting a spherical finite dimensional sim- 
ple He-module which does not come from H" by the Cherednik-Fourier transform. 

(e) By part (c) any finite dimensional module in Irr(0(Hc)) which is F-spherical 
is also spherical. The reverse is false by 2.2.5(b). 

(f) If m G EN, fc > then L_e is isomorphic to the restriction of Lh_^fi to H_e 
by 2.8.1. Thus is isomorphic to the restriction of I/e,RS to He by 2.6.1, 2.6.2. 
Thus hi is a Jordan-Holder composition factor of the He-module iI*(B°, C)'^^'^'^^ 
Computations in low rank suggest that, as Hc-modules, 

m G EN, fc > 0, ,T G A/'Irs => i?*(^^;, C)'^("'^) ~ hi 

(g) If fc > then any quotient of the Hc-module Pc is infinite dimensional. 
Equivalently, by 2.5.8(b), so is any simple quotient of the H_c-module Ple- Indeed, 
since G go H we can equip the space {^ocr ' with the representation 
ofllx.-c in [KLl], [L2]. It is isomorphic to the Steinberg representation sgn. The 
intersection of the Kostant slice s with the subset JV~'^ is reduced to {en}, because 
J\f~^ consists of nilpotent elements by 2.4.2(c). Hence the induction theorem [V, 
sec. 6.6] (see also A. 2. 4) yields an isomorphism of H_c-modules 

p1, = H_e 0Hx,-c Sgn ^ H^B-^, C). 
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According to 2.5.1(c) the simple quotients of iI*(Bj^,C) are labelled by a subset 

of X^c consisting of irreducible representations of the group A{h}_^,eji). Fix a 
simple quotient L-c,x with x ^ "^-c- The H_c-module if*(S~^,C) is generated 
by the weight subspace H*{B~^ i,C), because it is equal to P^L^. and the latter is 

generated by its /i^c-weight subspace. So L-c,i,x {0}j because L-c,x {0}- 
Thus X G X^c.i- Now, wc have X^c.i = -^-c^w for all w such that the alcove Aw is 
in the dominant Weyl chamber by 3. 4. 1(a), (c) below. Hence x ^ '^-c,w for all w as 
above. Since there is an infinite number of such w's, we have dim(L_c,x) = oo. 

□ 

3. Finite dimensional representations 
OF DAHA's AND affine Springer fibers 

After our paper was writen wc had some discussion with P. Etingof who found 
how to classify all finite dimensional irreducible H'-modules form our theorem 2.8.1. 
More precisely, the set of all finite dimensional irreducible H'-modules is the union 
of the sets of all finite dimensional irreducible modules of rational DAHA's associ- 
ated to the maximal subgroups of Wq. Further this decomposition is compatible 
with the subsets consisting of the modules which are spherical. See [E] for more 
details. 

In the rest of the paper we concentrate on a different problem ; classify all 
(spherical) Jordan- Holder factors of the homology of the elliptic homogeneous aflane 
Springer fibers. As mentioned in the introduction, this yields interesting combina- 
torics which appear already in the representation theory of p-adic groups. 

Sections 3.1, 3.2 contain technical facts. The results are in section 3.3, while 3.4, 
3.5 contain complementary facts on the dimension of finite dimensional modules. 

3.1. The evaluation map. 

Equip 00 with the automorphism adp^- In this section we consider the graded 
Lie algebra (flojad/Om). We'll assume that m > 1 and k is arbitrary. The root 
system of G"^'° is the subset Ac C Are- The set of affine roots of q'^ is the subset 
J)c C Arc- Sec section 2.4. 

3.1.1. Lemma. We have A+ = {a G A+ ; ^ = —cp -a^p-a G mZ} and 2Dc = {a € 
Are; = c(l — p • a), p • a G 1-1- mZ}. 

Since both sets are finite, there are inclusions G'^'" C Gc(C[£,£~^]) and fl^ C 
£loOC[£,e-i]. Set 

= ZGoipm), fl" = {a; e £io; (adp„)(a;) = zumx}. 

The assignement £ i— » 1 yields a group isomorphism ev : G°'° Gq* and a linear 
isomorphism ev : q'' ^ Qq" . For each subset <S of flo, Go we abbreviate <S"* = Qq^DS, 
G™ n S respectively. We have ev{5'^) = s™. 

Now, fix TO G RN and x G sf^g- We set xq = ev{x) and Aq = Zgo{xo). Notice 
that a;o G Sp^j^g. Since Go is simply connected Aq is a maximal torus by [S6, 
thm. 8.1]. Let Oo be its Lie algebra. It is the set of C-points of a Lie algebra 
C-scheme ac- 

The element pm belongs to A^Go(^o)- We'll identify A^Go(^o)Mo with Wq, hop- 
ping it will not create any confusion. Let Wm be the image of pm in Ngo{^o)/Ao- 



DAHA AND AFFINE SPRINGER FIBERS 



45 



The corresponding element of Wq is uniquely determined up to conjugacy. We'll 
still write Wm for it. We have "^^Xo = rUmXo and xq G ao,RS- Thus Wm belongs to 
Wo[m]. Further, the conjugacy class w^,* is the type of x by 1.3.2. 

Let Wm be the centralizer of Wm in Wq. The isomorphism class of the group 
Wm depends only on the integer m. It is a complex reflection group in the space 
by 1.1.1. 

Set A{m,xo) = Zo^{xo) and A{m,xo)° = A{m,xo)/Z{Go)- If there is no confu- 
sion we'll writte Am, A°^ for A{m, xq), A{m, xo)° . Notice that Am is equal to the 
fixed points subgroup Aq'" . In particular, its isomorphism class does not depend 
on the choice of x. Thus Wm acts on Am, A'^ in the obvious way. Write Nm for 

Ngi^{Ao). 

3.1.2. Proposition, (a) If m G RN then ag^ is a Cartan subspace o/(0o,adpm)- 
(b) Ifm£ EN the Weyl group of {qq, adpm) is isomorphic to Wm and Nm/Am- 

Proof : According to [V2, sec. 3.1] a Cartan subspace of {go,Sidpm) is a maximal 

Abelian subspace of which consists of semi-simple elements of go- So we must 
prove that aJJ^ is a maximal Abelian subspace of g^. Let yo G igj^i'^o^)- Since 
xq e a})" we have yo G ig'g^i^o)- Hence we have yo S a™, because igo{xo) = Oo- We 
have proved claim (a). 

According to [V2, sec. 3.4] the Weyl group of {QQ,adpm) is 

Identify the group Wq with A^G(,(ao)/^o- Since the group Zwo{o-o^) is generated by 
complex reflections by [S6, 1.20] and since a^j^g ^ 0, we have Zwoia'o') = {1}- For 
each element w £ Nw„ (do") we have wWmW~^w^ S Zwq (a™)- Hence unvm = w„iW 
in Wq. Therefore we have Nwo{o.'q') C Zwa{wm) = W^m- The reverse inclusion is 
obvious. So, to prove (b) we must check that 

W^^NwM^). 

Since a^^Rg we have NG^{a'^) = Na^iao). We have also .^Go«) = ^o- Thus 

W4 (GJT n NGMo))/iG^ n Aq) c Wm- 

Notice that the equality above implies that Wm = Nm/Am- The group-scheme 
homomorphism 1 — Wm : — > yields an exact sequence 

1^ Am^ Aq^ Aq. 

Since m € EN the element Wm is elliptic, hence the group Am is finite. Thus 
1 — Wm is a proper map Aq. Since Af) is an irreducible variety, we have 

Aq — {1 — Wm){AQ). Any element in Wm is the Ao-coset of an element g £ iVGo(ao) 
such that {B.dLpm){g) & gAo- For each such g there is an element h G Aq such that 

h~'^{a.dpm){h) = g~'^{eidpm){g)- 
Therefore gh-^ e (G^ n NgM). Hence = W„. 

□ 

The group Wm acts on the set Go^/Am by right multiplication by 3.1.2(b). Let 

(G^/Am) xw^ 

be the quotient relative to the Wm-action such that 'w{g,yo) = {gw~^ ,^yo). 
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3.1.3. Corollary. Assume that in G EN. 

(a) The restriction C[fl™]*^o C[a™]^"' is an algebra isomorphism. 

(b) The map q : {G^/Am) x ci™pg — > 0™pg, {ciAm/A„i,x) i — > {adg)[x) factors to 
an isomorphism of varieties {Gl"'/A,n) xw,,^ i^o'rs ^ flo'iis- 

(c) The primitive Wm-invariants yield an isomorphism Oq' /Wm —>■ Sq^- 

(d) Any {&<iG^)-orbit in fl^^^g meets sJJ*p.g exactly once. 

Proof : Claim (a) follows from [V2, thm. 7]. The proof of 3.1.2(a) implies that 
3fl"(2/o) is a Cartan subspacc of (go,adpm) for each yo S So'rs- In particular yo 
is G™-conjugate into a™j^g by [V2, thm. 1]. Thus the map q is surjective. On 
the other hand, given g,g' G such that q{gAm,yo) = '?(.9'^m , ?/o)' S^t 
yo = {adg~^g'){yQ). Hence there is an element g" G N„i such that !/q = (adg")(yo) 
and g-^g'g" G Zc^iyo), by 3.1.2(b) and [V2, thm. 2]. RecaU that A^ = Zc^iyo), 
because yo G ao\g. Thus g'Amg" = g'g" Am — gAm- Let w be the image of g" in 
Wm- We have y'o = ^yo. Thus q factors to an injective map 

l-^m Xiy^ »0,RS ^ 0O,RS- 

Claim (b) is proved. 

Now, let us concentrate on (c). We abbreviate = {fi)ieim- Observe that 
</7,?7(flQ*) = {0} for all i ^ /„, because (^,r/ is a homogeneous invariant polynomial 
of degree di. Therefore, by 1.1.1 the obvious inclusions C Oo, C^"* C yield a 
commutative square 

a^/Wm ^ C^- 

I I 
ao/Wo ^ C'" 

with invertible horizontal maps. Since (prj yields also an isomorphism Sq , for 

each yo G So we have 

yo G {&dpm){yo) = ^mVO 

fiViVa) = Tuf,lLpi'q{yo), Vi 
^iVivo) =0, Vi^ Im- 

The claim follows. 

Finally we prove (d). By part (b) the intersection of any (adG™)-orbit in 0™j^g 
with o™j^g is a Wm-orbit. So the claim follows from part (c). 

□ 

For a future use, let f : flo^Rg — » -Sg^p^g be the unique (adGQ*)-invariant map which 
restricts to the identity of Sg^Rg. Via the evaluation map ev it yields a morphism 

^ '■ 0RS ~^ ^RS- 

3.2. Homology of afflne Springer fibers. 

The purpose of this section is to gather a few basic facts on the homology of afhne 
Springer fibers. For each h = {s,t,t'^/'^) and x G A/'gpg the Hc-module H^,{B^,C) 
is finite dimensional. We'll prove in particular that it is independent of the choice 
of X. See 2.4.2(a) and 3.2.1(a) below. From now on we'll assume that h = hi. 

For each w G Wq set Xy, = Xo/{l — w)Xo and A^j = T^. Recall that A^ = 
Spec(CXu,). See [SS, sec. II.1.7] for instance. If m G EN, w G Wo[m] the Abclian 
groups Ayj, Xyj, Am are finite and isomorphic. See section 3.1. Further Xyj = 
Ylji'^/sj), where the e^-'s are the elementary divisors of 1 — w acting on Xq. 

As in the previous section we'll assume that m > 1. 
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3.2.1. Proposition. Let m € RN, k> 0. 

(a) The set AA^g = gpg is ajfine, connected, non empty, and tt^ is a locally 
trivial fibration over it. The representation of He on H^{B'^,C) is independent of 
the choice of x € -^ns ■ 

(b) If X G Apg then is a smooth projective locally finite scheme. 

(c) If X € A/'gj^g the group of connected components of Zq^{x) is a normal 
subgroup of A{c,x) with complement Zf,x{i'{x)), and it is isomorphic to Am- 

5 

Recall that the G°-variety is isomorphic to G^/B^. The map tt^ : Af^ J^f^ 
is isomorphic to the map 

xb- u^^^M", ig,x) ^ ia.dg){x). 

We'll abbreviate Af^^^g =AfZr] (K)''^ i-f^Rs) and tt^ ^s = '^wIatz.rs' ^o^^^ider the 
vector bundle £c,w = G'^ Xb<^ {q'^/^w) ^^^^ ^w- any element a; e g'^ the map 

factors to a global section ec,w of £c,w (depending on x) . 

3.2.2. Lemma, (a) If x G A/'^g then Cc,u, is transverse to the zero section of £c,w 

(b) The map tt^ j^g is a proper submersion. 

(c) WehaveBl^ = t-i{0). 

Proof: Part (c) is obvious. The proof of (a), (b) is modelled after [GKMl, sec. 2.5]. 

Fix X G A/pg . It is enough to prove that the map tt^ is a submersion. We are reduced 
to check the following : for each g £ G'^ such that {a,dg)~^{x) G we have 

(3.2.3) [g,xr + {adg)iul)=Q^. 

To prove 3.2.3 we must check that any linear form ip on g° which annihilates both 

[q,xY and {adg){u'i^) is zero. The group G"^ acts on the dual space (fl'^)* by the 
coadjoint representation. Since 0° is finite-dimensional its dual space is the direct 
sum of the weight subspaces with respect to the torus Tq x . 

We use the terminology of section 3, to which we refer for more details. Fix 
jj G Aw (an alcove in Vo,k)- Set A = (/x, 1). The weights of q'^, {g'^)* are real afRne 
roots, because m > 1. Since the linear form (f annihilates {a,dg){u^) and is 
the sum of the weight subspaces of g'^ associated to the afRne roots a such that 
a • A > 0, the element {■Mlg)^^{(f) belongs to the sum of weight subspaces of (g*^)* 
associated the affine roots a such that a • A > 0. We have a • A 7^ if a is real. 
Thus {a,dg)^^{(f) is a sum of linear forms (pi of weight /3i with (3i ■ X = i > 0. Hence 
(fi is an unstable vector in the G°-module (0°)* by the Hilbert-Mumford criterium, 
i.e., we have G (adG'=)(iyj). 

Now, view ip as an element v G q via the Killing form. Since vanishes on [g, x]'^ 
we have v G ig{x). Hence v is semisimple, because x G 0rs- It is unstable by the 
discussion above. We are done since Chevalley's restriction theorem implies that 
there are no semisimple unstable elements. 

□ 
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Proof of 3.2.1 : By 3.2.2(b) the map tt^ j^g is a locally trivial fibration. This proves 
claim (a). The smoothness in (b) follows from the smoothness of Af" and 3.2.2(b). 
Now we concentrate on part (c). There are group isomorphisms 

A{c,x) ~ A{c,u{x)), Z^,{x) ~ Z^,{v{x)), 

because x, i^{x) are G'^-conjugate by definition of the map v. Hence we may assume 
that X G sf^g. 

For each element hg € Zq^{x), with g ^ and h G , we have g,h d Zqc{x) 
because the action of h preserves the subset Sp^g and two distinct elements of s'^ 

are not G^-conjugate. Thus Zqc{x) is the semi-direct product Zg,c(a;) >^ Z^x{x). 
The group Z^^x (x) is finite. We must prove that Am is isomorphic to the group 

of connected components of Zq^{x). The obvious projection G^ is a C^^- 

torsor. So is also the induced map ZQa{x) Zgc,'>{x). The evaluation map yields 
a group isomorphism Zgc,o[x) — > Zgjj^{xo). Further Zgjj^{xo) = Am- 

a 

3.2.4. Remarks, (a) The finite group A{c, x) depends on the choice of the G"- 
conjugacy class of the element x e J^ers- instance, if (Gc,c) = (G2,l/2) 
then 

s^g = {en + afn (g> e'' + bfg ® e^fe; IBa^ + b^Q}. 

Further, if Xi = eR + fn® e'' then A{c, Xi) = {Z/2f x (Z/ifc) for i=l,2. 

(b) The smoothness statement in 3.2.1(b) is mentioned just for the sake of com- 
pletness. We'll not use it. 

3.3. Spherical simple finite dimensional modules. 

Using sections 3.1, 3.2 we now describe the spherical Jordan- Holder composition 
factors of the H-module ^^H^{B%,C), with x e M^^, m G EN, and > 0. It in- 
volves some nice combinatoric which appears also in the tamely ramified Langlands 
correspondence (see the introduction). 

Fix the following notation. Let Xc^rs C Xc be the subset of all local systems x 
such that xkias ^ 

^c,l,RS = ^c,lW§.^s, -^c.l.RS = Xc^i n AfcRS- 

Thus A'c,i3s is the set of non-isomorphic simple direct summands of the semi-simple 
local system £c,i,rs- 

3.3.1. Theorem. Let m G EN, k > 0, and x G J^ers- '^^^ non-isomorphic spher- 
ical Jordan-Holder composition factors o}^^^ H^,{B%, C) are in one-to-one correspon- 
dence with elements of the set X^^i^rs. The multiplicity of^^L^^x *^ H^{B%,'C) 
is equal to the rank of the local system x- 

Proof : Let m G EN, fc > 0, and x G A/ers- By 2.5.1(c) we have 

(3.3.2) H,{Bl,C)= L,,^®Xx 

xe^cRs 

in the Grothendieck group of He. Here, the symbol = denotes an equality of graded 
objects which do not preserve the grading. Thus non-isomorphic Jordan-Holder 
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composition factors of the H_c-module ^*^iI*(B^,C) are in one-to-one correspon- 
dence with Xc^Rs by 2.5.8(b). 

This correspondence restricts to a bijection between the set of non-isomorphic 
Jordan-Holder composition factors of the H_c-module ^^if*(B^,C) whose h-c- 
weight subspace is non zero and A'c^i^rs- 

A spherical Jordan-Holder composition factor of ^*^i?*(i3^, C) has a non zero 
/i_c-weight subspace, because it is a quotient of the polynomial representation. Con- 
versely, let M be a Jordan-Holder composition factor of the H_c-module C) 
whose /i_c-weight subspace is non zero. We have H^,{B% ^,<C) — {0} for each 1 ^ 
w G Wo by 3.3.5(a) and 3.2.2(a), (c). Therefore, for each element v e iJ*(i3^ i,C) 
we have Vsj(^^) = for all i € Iq- Hence, the formula for Vs* in section 2.1 yields 

t,.v = -T-'^/'^v, Vi G /o- 

Thus tg. acts by scalar multiplication by t"/"^ on ^'^H^{B^ i)C), and a fortiori on 
the weight subspace Mh_^. So M is a spherical module, because it is simple. 

Finally, the multiplicity of the Jordan-Holder composition factor L^^^ in the 
H_c-module '^H^{Bl, C) is the rank of x by 3.3.2. We are done. 

□ 

By 3.3.1, to compute the spherical composition factors of iJ*(BJ,C) with x G 
jVers ^6 must first compute the set Xc^i^^s- This can be done explicitely. First, let 
us introduce more notations. Since 1 ^ EN, in the rest of the section we'll assume 
that TO 7^ 1 to simplify. Thus, for each h = {s,t,t'^/'^) the set Dh consists of real 
affine roots. 

Given x as above, we set xq = ev{x). To xq we associate the groups Aq, Am, 
A"^, Njn, and Wm as in section 3.1. The following technical conjecture is important 

for the rest of the paper. 

3.3.3. Conjecture. If m e EN, k > 0, and x G Af^^^ ^^^^ = \A°^\. 

For each w let 2)^,,^ C 2)^, be such that 

It is proved in 3.3.5(b) below that the set B% i is finite of cardinal > l^^l- 

p = JJ a, e« = a. 

To prove the equality, by 3.2.2(a),(c) it is enough to check that the image of the 
polynomial p by the Borel map C[Vo] H^{Bi, C) is |^°J times the fundamental 
class. Using the localization theorem in equivariant cohomology we are reduced to 
prove the following formula 

(3.3.4) i-ir^\A°Jeu= ^ (-1)^W> 

weWc 

See [BGV, thm. 7.13] for instance. We have checked it by direct computations in a 
lot of cases. See section 4 below for more details. 
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3.3.5. Lemma. Let k > 0. 

(a) We have |S)c,wol ^ ^c- If m € EN then \^c,w\ > '^c for each w G Wq, with 
an equality iff w = 1. 

(b) If m € EN, X G A/'gp^g, and 3.3.3 holds then A{c^x) acts transitively on i- 
In particular the map g ^ (ad9)(b(7) yields a bisection A'^ ~ A{m,xo)° — 

Proof : First, we prove part (a). Notice that = b^, because C 7^ 1- Thus, 

^c,w = 53c n w{Ke) = {a e Sc; ^ < 0} U (Hq n w(Ao )), G Wq. 

The s[2(C)-representation theory, apphed to a triple containing br, impHes that 
[uo, en] is a complement of 0- Ceo. in Uq. Thus we have 

ric - dim Zu^ieRl = dim(u™) - n. 

Using 3.1.1, it yields 

\Tlc,yj\ = dim(uj[*) - n + iHo n w(Ao )| 

= nc- dimZ[/™(e_R) + [IIo n w(Aq )|. 

Further n > dim .Z^/™ (e^), because eji is a regular clement. Thus jScuiol ^ ^c- 

Now, assume that m G EN. Recall that 3uo(eii) is spanned by vectors ei, i G 
lo, such that [p, Cj] = (d; — l)ei, see 1.3.1(c). Thus the weights of {adpm) in 
iuoi^R) belong to the set {n7*^'^»^^)/™}. Now, a case by case checking shows that 
an exponent, i.e., an integer of the form di — 1, can not be a multiple of an elliptic 
number. Therefore dim Zijm 

Now, we prove part (b). Let m G EN and x G J^^rs- assume that 

X G 5^g by section 3.2. So, in particular, we have bi G B^ i. The set B^ i is finite 
by 3.2.2(a),(c), because |S)c,i| = nc by part (a). Identify A^ with the group of 
connected components of (a;) as in 3.2.1(c). It acts on ^ by left multiplication, 
because B^ ^ is finite. The complement of A^ in A{c,x) fixes bi. So the (adA^)- 
orbit of bi and the (ad^(c, a;))-orbit of bi coincide. 

Now, let Bo be the flag variety of go and S™^ C Bo be the G^-orbit of bg . 
The bijection Gq/Bq — > Bo, qEq/Bq i-> (ad5)(bo ) identifies Gq-Bq/Bq with 
B'o'i. The evaluation map ev : G"'" — > factors to an isomorphism of varieties 

K?c , K?m 
"1 ~^ '^0,1- 

Finally, the (adC/o" )-orbit of xo is contained into eR + and meets Sq exactly 
once (at xq) by 1.3.1(d). So Zg-{xo) — ZToicR) — Z{Go). Since Ao centralizes xo, 
this implies that Bq f\ Aq = Z{Go). Thus the (adj4o)-orbit of bg in Bo is equal to 
Ao/Z{Go). Hence the (ad^m)-orbit of b^ in B^^ is equal to 7!°^. Therefore, apply- 
ing the evaluation map, we get that the (ad>lTO)-orbit of bi in B^ i is isomorphic 
to A°^. So 3.3.3 implies that 1 ^ A^. 

a 

3.3.6. Theorem. Let m G EN, k > 0. If 3.3.3 holds there is a one-to-one 
correspondence between elements of the set X^^i^ns drid Wm-orbits in Irr(AJ^). The 
multiplicity of^'^Lc^^ in H^{B^,C) is the cardinal of the corresponding orbit. 

Proof: Set V = ev{bl). We have V = bg''" 0jCea,. Let Af^^^ c x 
be the set of couples ((ad5')(bg ), y) such that g G G™, (adfif~^)(y) G V, and let 
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^o?i ■ -^oTi ~^ fl™ be the second projection. The fibers of ttq^i are generalized 
Hessenberg varieties, see [DPS], [GKMl]. 

To simplify we'll abbreviate g = flJ^RS' ^ = -^cTrS' — i''^oli)~^{9)^ ^ = 
G™ /Z{G(j), and tt = 7r™^|jy- : AT ^ g. Since the evaluation map ev identifies the 
morphisms ttJ and tt™]^, by 3.3.1 we must classify the non-isomorphic simple direct 
summands of the G-equivariant local system C = 7f*(C_^) (the center Z{Go) acts 
trivially onCjQ-, hence on £). 

For any subscheme X c Q we consider the group-Af-schemes 

Gx=GxX, Ax = {{g,y)eGx; {adg){y) = y}. 
By 3.1.3(d) the map 

P-.G^^Q, {g, y) ^ {adg){y) 

factors to an isomorphism G^/As fl. Further, the fiber of over any element 
y S s is equal to A{m,y)°. So 3.3.5(b) yields a s-scheme isomorphism 

A^^n-'^is), {g,y)^ {{a.dg){bo),y). 

Notice that {bg } x s C TV", because s CV. Thus we have a scheme isomorphism 

G, ^ Af, (g, y) ^ {{adg){bo), (adff)(y)) 

such that 7f is the quotient G^ — > G^ /A^ (it is an etale cover of smooth s-schemes) . 
Now, we must compute the Gs-equivariant local system £ = 7r*(Cg_). 

Recall that wc have fixed an clement xq € 5. Set o = 3g(a;o). By 3.1. 3(a), (c) the 
primitive Wm-invariants yield a map 

/ : ^ a/Wm ^ 5, 

which restricts to a Galois cover /!„ : a — > s with group Wm- The same argument 
as in [N, prop. 3.2] yields a group-g-scheme isomorphism f~^{As) — > Ag. It restricts 
to a group-o-scheme isomorphism 

if\-,)-\A,) ^ A-,. 

A little attention shows that A^ is indeed the quotient of A^ = v4°j x o by the 
obvious diagonal Wm-action. Further, under taking base change with respect to 
/In, the map w is again taken to the quotient Ga — > Ga/Aa- So (/|a)~^(£) is the 

constant sheaf (CA^)(5_y^^. 

Since the group G is connected, a Gg-equivariant local system over the homoge- 
neous space Ga/Aa is the same as a representation of the finite group A'^. Thus, 
by faithfully flat descent, a Gg-equivariant local system over G^/ A^ is the same as a 
representation of the semi-direct product Wm x A'^. Further, C is identified to the 
obvious representation of Wm x A'^ on CA'^. Thus the theorem is a consequence 
of the following basic result in Clifford theory. 
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3.3.7. Lemma. Let N = W x A, where W,A are finite groups and A is Abelian. 

(a) There is a one-one correspondence between irreducible representations of N 
and isomorphism classes of pairs {0,110), where O C Irr(A) is a W-orbit and ttq 
is an irreducible representation of the isotropy subgroup Wo in W of a character 
Xo G O. The representation associated to the pair {0,tto) is the induced module 

L(0,no) = Ind^Vo^Ai'^o(^Xo)- 

(b) There is a one-one correspondence between the non-isom,orphic Jordan-Holder 
composition factors of the N -module 'CA and the W -orbits inO d Irr(j4). The rep- 
resentation associated to O is L(^o,triv)- We have dim{L(^o,triv)) = \0\. 

a 

3.3.8. Example. Let m G EN, k > 0, and x G J^ins- % 3.3.1, 3.3.6 the 
non-isomorphic spherical Jordan-Holder composition factors of the H_c-niodule 
^'^^ H^,{B^, C) are in one-to-one correspondence with the VFm-orbits in ~ Irr(j4^). 
Among those H_c-modules, there is the unique spherical finite dimensional simple 
module L_c which comes from H"^. It is easy to see that L_c corresponds to the 
orbit of the unit in A'^. In particular L_c has multiplicity one in the homology. 

3.3.9. Remarks, (a) We collect here two remarks concerning 3.3.4. First, since 
A'^ ~ ^b/(l — 'Wm)Xo, the integer \A'^\ is the square of the defect of Wm m the 
terminology in [KP, sec. 10]. Second, to prove that the embedding A'^ c B^ ^ is 
onto wc must check that each clement in i is Z^c(a;)-conjugatc to bi for each 
X e 5|;j^g. Further, by [Bl, prop, (a)] the set Vx of parahoric Lie subalgebras q C fl 
of type Iq containing x such that the image of x in the quotient q/eq is a regular 
nilpotent element is an orbit of the group Zq{x). Therefore, one should check that 
for any b € B^ ^ the unique parahoric Lie subalgebra of type Iq containing b belongs 
toVx- 

(b) A list of elements Cc G SgRg, for each m G EN, fc > 0, is given in section 
4 below. Notice that G s^g iS cr -f "^^i^ifi ^ -So.rs! because Cz = e'^^^ • 
(e/j + Zifi), and that eR-\- fn € So,rs, because /„ = fg up to a scalar. In the 
computations we'll order the simple roots as in [B2, planches I- IX]. 

(c) If 2 G EN then W2 = -1. Hence = Wq, ~ Xo/2Xo, and A^ ~ Yo/2Xo. 
The group W2 acts on A2 in the obvious way. 

(d) Since the /i_c-weight subspace of a simple spherical H_c-module is one, 
the formula £c,i,RS = ©^e-^'c 1 rs (^^-^^.x)?!- c ® X implies that the multiplicity in 
'^^c.i.RS of each irreducible local system is also one. 

3.4. Dimension. 

The dimension of the simple finite dimensional Hg-modules and the dimension 
of the homology of afiine Springer fibers are both difiicult to compute in general. 
In this section we collect some partial result. 

For each real affine root a let Va,V^, V~ be the set of elements A G t^,R such 
that a ■ X -\- i = 0, a ■ X -\- i > 0, and a ■ X -\- i < respectively. Let 21 be the 
set of alcoves in Vo,k, and A be the unique alcove contained in the Weyl chamber 
containing in its closure. Wc may identify an element w G W with the alcove 
Aw = w{A), hopping it will not create any confusion. Then, the set W'^ is identified 

with 2i'' = M;^cn«6A+v;+}. 

The open subset Vh^ns = ^.RMJaeS;, ^ consists of a finite number of connected 
components. We'll say that two elements w, w' G are in the same clan, or /i-clan 
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to avoid confusions, iff Aw, Aw' are contained in the same connected component. 
Let €a be the set of w's such that Aw belongs to the antidominant Weyl chamber, 
and Cd be the set of w's such that Aw belongs to the dominant Weyl chamber. 

3.4.1. Proposition, (a) Ifw, w' are in the same clan then tt^, tt^, are isomorphic. 
Hence Xh^w = Xh^w' o,nd the G'^ -varieties B^^,B^ ^, are equal for each x G J\f^. 

(h) Let h = (A(r=),T, W2) and h' = (ACr'^), T^' W^) ^^^f^ ^ ^ Yq. Then ~ 
M^' , Xh ~ Xh', dim(Lft,x) = fc"dim(ift.,x). and dimi?4fi^,C) = k^'dimH^B^' ,C) 
for each x, x- 

(c) If k < then €d is a h].-clan and a h-c-clan. If k > then €a is a h].-clan 

and a h^c-clan. 

Proof : First, we prove (a). We have Aw C iff Ca & Uw, and a € l^h \ ^h.w iff 
e„ e u^. Therefore 2)^,^ = {a G '£)h;Aw G V-}. So S^,^ = 'Dh.w' iff uj^, iff 
w,w' are in the same clan. The claim follows, because A/"^ = G'' x^h u(j, for each 
w e W". 

Now we prove (b). The real afiine root a = (a, £) belongs to Dh iff ^ = c(l — A-a). 
Thus, since A • a G Z and {k,m) = 1, wc have £ e kZ for each a G S/i. So Dh 
consist of the real afFine roots (a, k£) such that (a, £) G T>h'- Hence the assignement 

^ ^ki yjg^g isomorphisms g'^' g'^, Af"' Af'\ and G^'-° ~ G'''°. 

Further, since scalar multiplication by k identifies the set Vh'^RS with Vh^RS, it 
yields a bijcction from the set of /i-clans to the set of ft,'-clans taking any finite clan 
C to a clan £' such that |£| = We claim that the morphisms tt^, tt^, are the 

same whenever Aw G kAw' ■ This will imply part (b). To prove this it is enough to 
check that Dh.w = {{a,k£);a G 'Dh',w'}- This is obvious. Indeed, given an element 
A G Aw' we have 

'Dh',w' = {aGTih';a-\ + l<Q}. 

Since all the alcoves in kAw' belong to the same /i-clan and the set 1)h,w is inde- 
pendent of the choice of Aw in its /i-clan, we have also 

Dh,w = {a G D/,; fca • A + f < 0} 

= {(a, kl)\ a G Sfc', a • A + £ < 0}. 

(c) We'll assume that A: < and h = h\, the other cases beeing similar. If 
a G Aq and t < Q then i < c(l — p • o), hence a ^ 2)c. The affine roots a such 
that Va intersects the dominant Weyl chamber (i.e., the polyhedral cone generated 
by the fundamental coweights) are all of the above form. Thus the dominant Weyl 
chamber is contained in a clan. On the other hand we have a, G Dc for each i G /q 
by 3.1.1. Thus €d is a clan. 

□ 

3.4.2. Corollary. If m & EN, k < then dimL^'^^ = (-fc)"dimL'//^. 

3.4.3. Remarks, (a) If fc > 0, m G EN, x G J^ers^ ^(c, x)-action on 

H^{B%^^,C} is known by 3.3.5(b). Another subspace H^{Bl.^,<C) C H^{Bl,C) is 
easy to compute. There is an unique alcove Aw^ in 21^^ containing cp in its closure. 
If a G S)c then cp G V^, because a • pc = c > 0. Hence Aw^ C HQes ^ i-^-' 
Dcwc = 0- Therefore we have B^^^^ = B^^ for each x € Af" by 3.2.2(c). ° 
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In particular the simple perverse sheaf C^c [dimAT^] belongs to X^^wc ■ Hence the 
weight subspacc Lh_^^w^_.Q of Lh_^ fl is always ^ 0. 

(b) An algebraic counterpart to part (a) above is the following. For any A G Xr\A 
let be the group generated by {sa'-a ■ (A, 1) = 0}. It is a parabolic subgroup 
of the Coxeter group W . Therefore, Kato's criterium applied to the afhnc Hcckc 
algebra Hj^ associated to couple {X, W^^ implies that the A- weight space of any 
H-module is a multiple of the regular representation as a module over the Hecke 
algebra of W^. In particular, since the clement Ac = (c/j) belongs to A and 
since Wj^ = w~^WcWc, the dimension of the Ac-weight subspace is a multiple of 

\Wc\- 

(c) Let w G . Then ws^; G iff '^ai{h) ^ 1. and wsa^, w are in the same 
/i-clan iff "'ai(/i) ^ C,^^ . Compare [Rl, lem. 12.6]. Thus the clans are an afSne 
analogue of the connected components of the weight diagrams in [Rl]. Indeed, 
3.4.1(a) may be viewed as an afhnc analogue of [loc. cit., cor. 3.6]. 

(d) The same argument as in 3.4.1(b) proves that the Jordan-Holder multiplici- 
ties of the standard modules in 0;i(H), Oft/(H) are the same, with h, h' as in loc. 
cit. Probably this implies that the corresponding categories are equivalent. This 
can also probably be proved using the KZ functor as in [VV] . 

3.5. The Coxeter case and the sub-Coxeter case. 

In this section let > 0. Km = h then the dimension of Ht,{B^^,C) is /c" by [F, 
prop. 1]. In this case the Hc-module has a particular nice algebraic description, 
see [C4, thm. 3.7.2, thm. 3.10.6]. This is called the Coxeter case. In this case the 
equality 3.3.4 is obvious. Indeed, it is enough to assume that k = 1, and in this 
case we have Ac = 0, Sc = H, D^i = 0, and A'^ = {1}. Since hn is equal to 
the number of roots, using the dimension formula of afBne Springer fibers in [KL2], 
[Bl] it is easy to see that Bg^ is zero dimensional iff c = 1/h. Thus the Coxeter 
case is the set of pairs (Gc, m) such that Be^ is finite for some k. 

A pair {Gem) is of sub-Coxeter type if it is not of Coxeter type and if B^, is 
a curve for some k. In this case the homology of B^^ is given in [KL2, prop. 7.7]. 
Prom loc. cit. there is no odd homology, and ftj is a generator of the one parameter 
group z {p{z^''), 2;^™, z''). Therefore we have 

dim {Bl , C) = dim (Be, , C) 

by [B4] . Using the dimension formula of affine Springer fibers we get that Be^ is a 
curve iff A; = 1 and m is in the following list. Therefore, in the sub-Coxeter we have 





m 


dim H4Bl,(C} 




G2 


2 


6fc^ 


Z/2 


Di 


4 


Qk" 


11} 


Ee 


9 


Sk" 


in 


Er 


14 


9k' 


Ul 


Es 


24 


10fc« 


HI 


Fi 


8 


9fc* 


z/2 


G2 


3 




Z/3 



In this case we expect that the Hc-module has a particular nice algebraic de- 
scription. In particular the following should be true. 
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3.5.1. Conjecture. In the sub-Coxeter case we have dini(Lj) = (n + 2)k". 

To prove 3.5.1 it is enough to assume that fc = 1 by 3.4.1. Since 3.3.4 is true in the 
sub-Coxeter case (see section 4), the H-module H^{Bg^,C) has a unique spherical 
Jordan Holder factor, except for {Gc,m) = (C2,2), (G2°3), (^4,8) by 3.3.1, 3.3.6. 
Away of these cases 3.5.1 reduces to prove that the H-modulc H^,{B^^,C) is 
indeed irreducible. If {Gc,m) = (C2,2), (G2,3) then 3.5.1 is true. See sections 4.3, 
4.9. 

4. Computations 

In the rest of the paper we list case by case computations. We'll write He for 
the basis of A+, and i for the set {1, 2, ...i}. Let £c be the set of clans consisting of 
the w's such that „ 7^ for some x G A^j^g (then B^ .^, ^ for all x e A^j^g)- 
the computations below we have checked equality 3.3.4 if (Gem) is either of sub- 
Coxeter type or equal to (^2,2), (^4,6), (£^6>6), {E^, 15), (£^8)20). In the Coxeter 
case it is obvious. 

4.1. Type A„. 

We have EN = {n+1}, and A„+i = Z{Go) Z/(n-hl). Set Cc = eK-h/e®^^"^^^^ 
Then dim iJ* (S^^ , C) = fc". This is the Coxeter case. 

4.2. Type S„. 

Let n > 3. The sets EN, /„, the groups Am, Z{Go), and the element Cc are as 
in section 4.3 below. 

4.3. Type C„. 

Let n > 2. We have EN = {m = 2r;r\n}, 1^ = {i G Io;r\i}, Am ^ (Z/2)"/'', 
and Z{Go) = A^n- Set 60 = 6^ + /^® £2„c_ 

If (n,m) = (2,2) then Dc,i = {(^,-fc)}, = {(-02,fc)}. Thus 3.3.4 is 2o2 = 

9 — ^"2 0. The set £c consists of the clans {so}, {!}, {s2So}. Further 53c, so = 0) 
B^^^^^ = pi, and |I)c,«,| = 1, |^e,,t«l = 2 if w; 1, saso. Thus we have 

Bf,^ = U {4 points}, dimi?,(S^^, C) = 6. 
This is the sub-Coxeter case. 

4.3.1. Remark. The group Wo is the dihedral group /2(4). Set (n,c) = (2, 1/2). 
Let Si St be as in 2.2.5(b). We have A° ~ Z/2, and W2 ~ Wq by 3.3.9(c). The 
group W2 has two one-element orbits in A?, . So there are two non- isomorphic spher- 
ical Jordan-Holder composition factors in the H_c-module H^, [B^^ , C), which are 
L_c and S_c (with multiplicity one). Let triv, sgn be the trivial character and the 
signature of As a He ® A{c, ec)°-module, we have 

H^{Bl^,C) = (LJ triv) (Sj sgn) (Sj sgn). 

The H_c-module ^^Sc is not spherical. The character is of L"^ is 

c/i(L"^) = t~^ ■ sgn -\- std + 1 ■ sgn 

(see [C5] for details). As C[a;A]-modules, we have 

Lt=C^t 0F3„^t0C.,.,^t, St=C^t, St=C3,3o4, 

where Ch is the unique one dimensional C[a;A]-module such that x\ 1— > A(/it) and 
Vao^t is a two-dimensional module equal to C®^^^ up to a filtration. 
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4.4. Type D„. 
Let n > 4. 

If n is odd then EN = {m = 2r; r\n - 1 and 2r \ n - 1}, = {i = 1, 2, ...n - 
2;r|z} U {n}, Am ^ (Z/2)("-i-'-)/'' x Z/4, and Z(Go) = ^2n-2. We set ec = 
eR + fe<S> £(2"-2)c. 

If n is even then EN = {m = 2r; r|n — 1 or 2r|n}, Im = {i = 1) 2, ...n — 2; r|i} U 
{n - 1 if 2r|n} U {n if r|n - 1}, ^ (Z/2)("-i+'')/'^ if r\n -l,Am = (Z/2)"/'' if 
2r|n, and Z{Go) ~ ^2n-2- We set Cc = + fn (g) e^c. 

If {n,m) = (4,4) then Dc,i = {(^, -fc)}, He = {{b,k)} where 6 = -ai - 02 - 
as — 04. Thus 3.3.4 is — 6 = ^ — ^''6. This is the sub-Coxeter case. 

4.5. Type Eq. 

We have EN = {3, 6, 9, 12}. The eUiptic regular conjugacy classes in Wq are A2, 
Ee{a2), Ee{ai), Eq respectively. We have I3 = {3,5,6}, Ig = {3,6}, Ig = {5}, 
J12 = {6}. We have A3 - and Am = Z{Gq) - Z/3 else. Wc sot = 

e-R + fb® if m = 9 and ec = eR + f0 ® e^'^'^ else. The vector /a is the sum of a 
root vector of weight — oi — 02 — 203 — 2a4 — 05 — ae and a root vector of weight 
— ai — (12 — a?, — 2o4 — 2a5 — ag. 

(a) If m = 3 the semisimple type of G"^ is A^. Further 

Sc,i = {(ci, -3fc), (c2, -2A;), (cg, -2A;), {a, -2k), (ci+4, -A;)}, 

He = {{bi, k). (/jfj, fc)} with i E 5. hi = —0,1 — 03 — ai, 62 = —02 — 04 — as, 63 = 
— a2 — a3 — a4, 64 = — a4 — as — ag, /js = — as — a4 — as, be = — 01—02 — 03 — 04 — as — ag, 
and ci = ai + 02 + 203 + 804 + 2as + ae, C2 = 02 + as + 2a4 + 2a5 + ag, C3 = ci + 64, 

C4 = Ci + 65, C5 = Cs + 65, C6 = C2 + 64, Cy = C4 + 6l, Cg = C3 + 63, Cg = Ci + 61 + 62. 

Thus 3.3.4 is 

6 9 

-9(6i + 62)(6s + 64)(65 + Mn^*= E (-l/'^^n^c- 

(b) If rn = 6 the semisimple type of G'^ is Af. Further Dc,i = {{ci,—k)}. 
He = {{bi, k)} with i e 3, 61 = — ai — 02 — os — 2a4 — as, 62 = — ai — 02 — as — 

a4 — as — Of,, 63 = —02 — 03 — 204 — Os — ae, and ci = ai + 02 + 2a3 + 2a4 + os, 
C2 = ai + a2 + Os + 2a4 + 05 + 06, C3 = 02 + 03 + 204 + 2as + og. Thus 3.3.4 is 

-616263 = (1 - Sbi)(l - Sb2)(l - Sb3)(ciC2C3). 

(c) If m = 9 the semisimple type of G^ is Ai. Further S)c,i = {(c, — fc)}. He = 
{(6, k)} where 6 = —01 — 02 — 203 — 204 — 205—06, c = 01 + 02 + 203 + 304 + 205 + 05. 
Thus 3.3.4 is -b = c-"'c. 

4.6. Type E7. 

We have EN = {2,6, 14, 18}. The elliptic regular conjugacy classes in Wq are 
Al, ^7(04), ^7(01), Er respectively. We have I2 = Iq, h = {2,5,7}, /14 = {6}, 
Jig = {7}. Wc have A2 ~ (Z/2)^ and Am = Z{Go) ~ Z/2 else. We set = 
eR + fe® s}^" if m = 14 and ec = eR + fe® s^^" else. 

(a) If m = 2 the semisimple type of G" is A^. Further 

2)c,i = {(C28, -13/s), (C27, -llA;), (C26, -9A;), (C25, -9A;), (c2i+i, -7A;)}^e3U 

U {(ci7+i, -5fc)}je4 U {(ci2+i, -3A;)}i£5 U {(ce+i, -2k), (cj, -k)}iee, 
lie = {(^1, 2A;), (61+i, fc)}i£6, 
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where bi = —02 — 03 — 04 — 05, 62 = — ^6 — = —04 — 05, 64 = — ai — 03, 

65 = —02 — 04, be = —a^ — ttQ, 67 = -03-04, and ci = ai+a3 + 04, C2 = 02 + 03 + 04, 
C3 = 02 + 04 + 05, C4 = 03 + 04 + 05, C5 = a4 + 05 + 05, cg = 05 + 06 + 07, 
C7 = oi + 02 + 03 + 04 + 05, Cg = Oi + 03 + 04 + 05 + Oe, cg = 02 + 03 + 04 + 05 + 06, 
Cio =02 + 03 + 2a4 + as, Cn = 02 + 04 + as + 06 + 07, C12 = 03 + 04 + 05 + 06 + 07, 
Ci3 = 01+02 + 03 + a4 + as + ae + 07, C14 = 02 + 03 + 2a4 + as + 06 + 07, cis = 
Oi+02+2o3 + 2a4 + a5, Ci6 = 01 + 02+03+204+05+06, C17 = a2+a3 + 2a4 + 2as+06, 
C18 = Oi + 02 + 2a3 + 2a4 + 2as + oe, cig = a^ + 02 + 203 + 2a4 + os + og + 07, 
C20 =01+02 + 03 + 2a4 + 2as + og + 07, C21 =02 + 03 + 2a4 + 2as + 2a6 + 07, 
C22 = oi + 2a2 + 2a3 + 804 + 2as + oe, C23 =01+02 + 203 + 2a4 + 2a5 + 2a6 + 07, 
C24 = 01 + 02 + 2a3 + 3o4 + 2a5 + oe + 07, C25 = Oi + 02 + 203 + 804 + 805 + 2o6 + 07, 
C26 = 01 + 202 + 203 + 804 + 205 + 206 + 07, C27 = 01 + 202 + 203 + 404 + 805 + 206 + 07, 
C28 = 2oi + 2o2 + 803 + 4o4 + 805 + 206 + 07. Thus 8.8.4 is 

28 28 
i—l w^Wc i—l 

where fei, ...628 are the positive roots of the system of type with basis bi, ...br. 

(b) If m = 6 the semisimple type of G'^ is ^3X^41. Further we have S)c,i = 
{{ci,-k),{c6,-2k),{cr,-2k)}, = {{bi,k)} with i G 5, 61 = -oi - 02 - 03 - 

204 - Os, 62 = — 02 - 03 — 04 — as - 06 — 07, &3 = -02 — 03 - 2o4 — Os - 06, 
64 = — oi — 03 — 04 — 05 — 06 ^ 07, 6s = ^oi — 02 — 03 — 04 — Os — 06, and 

Ci = Oi + 02 + 03 + 04 + Os + 06 + 07, C2 = O2 + O3 + 204 + Os + Og + 07, C3 = 

01+02 + 203 + 204 + 05, C4 = 01+02 + 03 + 204 + 05+05, C5 = 02 + 03 + 2o4 + 2as + og, 
Cg = 01+02 + 2o3 + 804 + 80s + 2o6 + 07, C7 = oi + 2o2 + 203 + 804 + 2o5 + 2o6 + 07. 
Thus 8.8.4 is 

5 7 

-{bi+b2){bs+b4)i[bi= J2 (-i)'^"^!!"^- 

i=l wGWc i=l 

(c) If m = 14 the scinisiinplc type of G"^ is Ai. Further Dc.i = {(c, — fc)}, 
He — {(b, k)} where 6 = — oi — 2a2 — 203 — 804 — 805 — 205 — 07, c = oi + 2a2 + 
203 + 404 + 305 + 206 + 07. Thus 8.8.4 is -6 = c - ^'•c. 

4.7. Type Eg. 

We have EN = {2,3,4,5,6,8,10,12,15,20,24,30}. The clhptic regular con- 
jugacy classes in Wn are Af, Aj, D4{aif, Aj, Es{as), Dsia^), Esiaa), Egia^), 
£^8(05), £"8(02), £8(01), ^8 respectively. We have I2 = /g, I3 = h = {3,5,7,8}, 
h = {2,3,6,7}, Is = {2,7}, h = ho = {6,8}, /12 = {3.7}, /20 = {6}, /24 = {7}, 
/i5 = /30 = {8}. We have A^ ^ (Z/2)«, A3 ~ (Z/3)4, A4 ^ {Z/2)\ A5 ~ (Z/5)2, 
As ~ (Z/2)2, and A^ = Z(Gq) = {1} else. We set Cc = ej^ + /g (g) s^Oc if „ = 20, 

= + /7 e'^'^" if TO = 4, 8, 12, 24, and = eR + fe® e^^" else. 

(a) If TO = 2 the semisimple type of is Dg,. 

(b) If TO = 8 the semisimple type of G'^ is A-j x A\. 

(c) If TO = 4 the semisimple type of G"^ is D4 x ^2 ^ . 

(d) If TO = 5 the semisimple type of is A^^ x A3 x A\. 

(e) If TO = 6 the semisimple type of G'^ is ^44 x A3. 

(f) If TO = 8 the semisimple type of G'^ is A3X A2X A\. 
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(g) If m = 10 the semisimple type of G"^ is A2 x Af. 

(h) If m = 12 the semisimple type of G"^ is A2 x Af. 

(i) If m = 15 the semisimple type of is Af. Further Dc,i = {(c,,— A;)}, 
lie = {{bi,k)} with i e 4, fei = — ai — 2a2 — 2a3 — 804 — 805 — 2ae — a-j — as, 
1)2 = —cii — 1a.2 — 20,3 — 3a4 — 2a.5 — 2a(; — 20,7 — a^. 63 = —0,1 — a2 — 2a3 — 
3a4 — 3a5 — 2aQ — 2a-! ^ a^, 64 = — ai — 2a2 — 2a3 — 4a4 — 805 — 2aQ — ay, ci = 
ai+2a2+2a3+4a4+5a5+2ae+a7+as, C2 = ai+2a2+2a3+3a4+3a5+2ae+2a7+as, 
C3 = ai+a2+2a3+8a4+8a5+8a6+2a7+a8, C4 = 01+202+803+404+805+206+07. 
Thus 8.8.4 is U^b^ = (ni(l _ 

(j) If m = 20 the semisimple type of C is Af. Further Dc,i = {{ci,—k)}, 
He = {(61, /c), (62, /c)} with i £ 2, 61 = — 2ai — 2a2 — 803 — 404 — 805 — 805 — 207 — og, 
62 = — oi — 2o2 — 803 — 4o4 — 4o5 — 806 — 2o7 — Og, ci = oi + 2a2 + 803 + 604 + 
4a5 + Soe + 207 + 03,02= 2oi + 2o2 + 803 + 4o4 + 4o5 + 806 + 207 + og. Thus 8.8.4 

is 5i&2 = (1 - S6i)(l - Sb2)(ciC2). 

(k) If m = 24 the semisimple type of G'^ is Ai. Further 2Dc,i = {(c, — A)}, 
lie = {{b, k)} where b = — 2oi — 802 — 4o3 — 5o4 — 4o5 — 805 — 207 — og, c = 
2ai + 3o2 + 4o3 + 604 + 4o5 + 806 + 207 + og = 04 - 05. Thus 8.8.4 is -6 = c - ^'•c. 

4.8. Type F^. 

We have EN = {2, 8, 4, 6, 8, 12}. The elliptic regular conjugacy classes in Wq are 
Af, A2XA2, 1)4(01), -F4(ai), B4, F4 respectively. We have I2 = /o, I3 ^ h = {2, 4}, 
h = {3,4}, 7g = {8}, 7i2 = {4}. We have A2 ~ {Z/2)\ A3 - (Z/8)2, A4 ~ (Z/2)2, 
As ~ Z/2, and Am = Z{Go) = {1} else. We set ec = e/j + /s (g) e^" if to = 8 and 
Gc = eji + /e O e^'^" else. 

(a) If TO = 2 the semisimple type of G"^ is A3 x Af. 

(b) If TO = 8 the semisimple type of is A2 x Af. 

(c) If TO = 4 the semisimple type of G" is ^2 x ^1. 

(d) If TO, = 6 the semisimple type of G^ is Af. Further Dc.i = {(q,— fc)}, 
He = {{bi, k)} with i G 2, 61 = — oi — 2o2 — 203 — 04, &2 = — oi — 02 — 203 — 204, 
ci = oi + 2o2 + 803 + 04, C2 =01 + 202 + 203 + 204. Thus 8.8.4 is 6162 = 

(1 - •S6i)(l - Sb,)(ciC2). 

(c) If TO = 8 the semisimple type of G° is Ai. Further Dc,i = {(c, — 1)}, He = 
{{b, 1)} where b = — oi — 2o2 — 803 — 204 = — 04, c = oi + 202 + 4o3 + 204. Thus 
8.8.4 is -2b = c-^''c. 

4.9. Type G2. 

We have EN = {2, 8, 6}. The elliptic regular conjugacy classes in Wo are AixAi, 
A2, G2 respectively. We have h = {1,2}, 73 = 76 = {2}. We have A2 ~ (Z/2)2, 
A3 ~ Z/8, and Aq = Z{Gq) = {!}. We set ec = eR + fe ® e^^ 

4.9.1. Proposition. W^e /lawe dim 77, (S,^^, C) = fc^, Sfc^, ISfc^ i/ m = 6, 8, 2 re- 

spectively, and dim 77, , C)"^'"^'' ■ = 36c^. 

Proof : (a) If to = 8 the semisimple type of G*^ is Ai. Further Dc,i = {(801 + 
02, -k)}, Ue = {(-oi, fc)}. Thus 8.8.4 is 801 = (1 - Soi)(3oi + 02). Now, set A; = 1 
to simplify. The set €c consists of the clans {l,so}, {S0S2}. Further we have 
Se,.o«2 = 0, Se„«o«2 = and \^c,u,\ = 1, \B'e^,J = 8 if w; = 1, so. Thus 

Bl^ = pi U {6 points}, dim774S^^ , C) = 8, dim774S^^ , C)^^'''^^) = 4. 

This is the sub-Coxeter case. 
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(b) If m = 2 the scniisimple type of & is A^. Further Dc,! = {(ci,— 
He = {{hi,ik)} with i e 2, 61 = — ai — 02, &2 = — 3ai — 02, C2 = ^, Ci = 2ai + 02- 
Thus 3.3.4 is 46162 = (1 — Sf)i)(l — Sfc2)(ciC2)- Now, set A; = 1 to simpHfy. The set 
<Lc consists of the clans 

{l,So,SoS2}, {S0S2S1}, {S0S2S1S2}. 

We have 'S)c,sos,s,s, = and = {V^f, \^c.s,s,sA - 1 and = 

|Sc,i«| = 2 and |Sg^ ^| = 4 if w = 1, sq, S0S2 because the second Chern number 
of the vector bundle £c,w over is 4. We have also 

= (Pi)2 U {12 points}, dimiI*(B^^,C) = 18, dimi/*(S^^,C)^(^'^=' = 9. 

□ 

4.9.2. Remarks, (a) Since Wq is the dihedral group /2(6), we have dim(L"^) = 
36c2 if m = 2, 3, 6, A: > by [C5]. 

(b) Assume that c = 1/3 (the sub-Coxeter case). Let S| be the Hc-module 
associated to the H^-module S;.^ in 2.3.5(d), and S_c = ^^Sj. We have = 

~ Z/3 and W:i/{w^) ~ Z/2. The group W3 has one one-element orbit and 
one two-elements orbits in A'^. So there are two non-isomorphic spherical Jordan- 
Holder composition factors in the H_c-module H^,{B^^,C), which are L_c (with 
multiplicity one) and S_c (with multiplicity two). We have A{c,ec) ~ -?^2(3). Let 
triv, std denote the trivial and the standard representation of ^2(3). As a He (8) 
A{c, ec)-module, we have 

H^B^^X) = (LJ triv) e (Sj std). 

The group 12(6) has four irreducible onc-dimcnsional representations and two two- 
dimensional ones. Let triv, sgn, std denote the trivial representation, the signature, 
and the standard representation. The character of L"^ is 

c/i(L"^) = t~^ ■ sgn + std + 1 ■ sgn 
(see loc. cit. for details). As C[a;A]-modules we have 

Lt = e a^^t e F,,3o^t , St = c^t e c.,^t. 

(c) Assume that c = 1/2. Let Sl be the Hc-module associated to the H^- 
modulc in 2.3.5(d), and S_c = "^S^ We have A°2 ~ (Z/2)2 and W2 = Wq. 
The group W2 has one one-element orbit and one three-elements orbits in ^2- So 
there are two non-isomorphic spherical Jordan-Holder composition factors in the 
H_c-module ^^i?*(Sg ,C), which are L_c (with multiplicity one) and S-c (with 
multiplicity three). We have A{c, Cc) — Z/3 k (Z/2)^. As a He ® A{c, ec)-module, 
we have 

H,{Bl,C) = iU ® triv) © (St cx) rep), 
where rep is a three dimensional irreducible representation of A(c,ec)- As C[xa]- 
modules we have 

St = C^t©C3„^t©C,,,„^t. 

(d) Let Oe^ be the G"^-orbit of ec- If m = 3, 6 then Oe^ is open, while if m = 2 
then dim(Oeo) = dim(0'^) — 1. Recall that if Og^ is open in q'^, then there is a finite 
number of G'^-orbits in g'^ and a standard argument implies that the A{c, ec)-isotypic 
components in H^{Bg^,C) are irreducible as He A{c, ec)-submodules. 
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A. Appendix 

A.l. Fourier-Sato transform. 

Fix h = {s,T,() G H, with r not a root of unity and C — t'^^^- Set s = {s,t). 
Recall the Fourier-Sato transform FS : D''^^^^^ (fl'') ^ -^^htxcx (f''*)- 

A. 1.1. Proposition, (a) There is a bijection Xh.w ^hi,w> X ^ such that 
the complexes FS{IC{x)), IC{x^) are isomorphic. 

(b) If X ^ '^h then the tl-c-modules ^^Lh,x! -^fct.x* ^'^^^ same weights. 

Proof : The proof of part (a) is sketched in [VI, sec. 7.4]. Let us give more details. 

It is modelled after [L3, cor. 10.5], [Ml]. Wc have Wh = Wht- We must prove that 
if IC{x) is a direct summand in the semisimple complex Ch^^^ then FS{IC{x)) is 
a direct summand in £/,t,^. Thus, it is enough to check that for each w G W we 
have 

(A1.2) FSiCh,^) ~ Cht.,,. 

For any finite dimensional representation V of & x let 

be the forgetful functor. Consider the diagram 

where a'' is the second projection, is the obvious quotient map (a B'^-torsor), 
and 7'* is the action map {g,x) 1-^ (adg)(a;). We have dim(G'''/i?'') = rih. Thus Fh, 
admits a left adjoint equal to r/i[n/j], where Th is Bernstein's induction functor 

: i^^.xcx {V) - I?^.,cx (^)' ^ - 7.'(/3''*)-'«''*(^)- 

Sec [Ml, sec. 1.7], [MV]. The functor F^ commutes with all standard functors, 
including FS, because the same is true for F^. 

Since r is not a root of unity and c ^ we have C 7^ 1- Hence the fixed points 
set f)'* is {0}. For each w gW we consider the diagram 

where b'^ is the obvious inclusion. Observe that ^^.x ({0}) = -D^({0}). The 
restriction functor is 

Res,,,^ : £>^,^j,, (g'') ^ £>^({0}), ^ a^^b''''-Fh{J'). 

It admits a left adjoint, which is the induction functor 

Indfc,^ : D%{{0}) ^ {gf^), T ^ Thb^a''^*{J'[nh]) = Thb^,a''^'-{J^[nh]). 
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Now, consider the Cartesian square 

hi ^ {0} 

The base change formula yields 

Res^,,^ oFS = d^^' o cf oFhO FS. 

The functor FS commutes with Fh. Since the dual of 5'^*/u(j,* is identified with bj^, 
by [KSl, prop. 3.7.14] we have 

FS o b''- = cf o FS 
as functors D^^ ^^^x (g^) D^^ ^^^x (fl^V^u;*)- ^or the same reason we have 

a': = (1'''' oFS 

as functors D^^^j,x(bSi) ^ ^^{0})- Therefore 

Res?jt_^ oFS = a'io b'''' o Fh = Resh,w 
See also [Ml, lem. 4.2]. Since Indft,j„ is left adjoint to Res?i,^ we have also 
(A 1.3) F5'oInd/,,,„ = Ind^t,^. 

Finally we compute the complex lndh,w{C{o})- Observe that TVJ = x^h b(j,, 
because f)^ = {0}. The diagram 

9^ " ^ II 

is formed of Cartesian squares. Thus, the base change formula yields 

indft,„(qo}) = 7* (/3"'*)"V"'*feN"'*(qo})K] 

= 7^(/3'^'*)-'a'^'*&^(C6.)K] 

= 7*'(/3'''*)-V!'(C<5.xbfc)K] 
= 7*V(Cx/-.)K]. 

Therefore we have 

(^•1-4) Ind/i,^(C{o}) = 'Cfc^^fn^t - dh,w]- 





^ G^XQ^ 




T 




< — &xhl 
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Applying the isomorphism of functors A. 1.3 to the object C^o}, formula A. 1.4 yields 
a canonical isomorphism 

Now we prove (b). Consider the algebra 

V w 

with the Yoncda product, where v, w belong to a set of representatives of the right 
M^ft,-cosets in W . The functoriality of tt^ ^ yields an algebra homomorphism 

for each w. Recall that 

C,[CA] = C[f)]cC[^], 

where A varies in Xq x Z. Set yw,x G H*{J^^,<C) equal to exp(— ci(C'^h(A))), and 
yw,\ to the image of the Poincare dual of yw,\ by the chain of maps 

{Mt , C) ^ {Ml n , C) ^ if. (Ar^,„ , C) . 

By [CG, lem. 8.6.1, 8.9.5] there is a Z-graded algebra isomorphism 

V w 

taking {yw,\) to (tt^ *(2/uj,a))- Composing it with the map c/i o $ we get an algebra 
homomorphism 

: He Ext^. 

By definition of $ the element ch o ^{x\) is equal to the family X{s)~^yyj^x). 
Therefore, we have 

The functoriality of Indf^,^ yields an algebra homomorphism 

C[f)] = Ext^!, ffQi JC{o},C{o}) — > Ext^b (\i-h){^h,w,^h,w)- 
Composing it with the forgetful map we get a morphism, again denoted by Ind/j^^) 

C[[^]] Ext*jj,^j^h^{jCh,wXh,w), exp(-^A) 1-^ ■^t,*{yw,x)- 
So, taking the product over all w's we get the following formula 

= ("'A(S)-ilndh,^(exp(-^;,))). 
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Composing the isomorphisms Uh,w and the functor FS we get an algebra isomo- 
morphism 

■,w} 

V w 

(A. 1.7) V w 

V w 

~ Ext,,. 

A httle attention shows that we must prove that the composed maps 

H_c-^Hc — ^Ext^t, H_c— ^Ext^jt'^^Ext^t 

coincide on C,,(Xo. Notice that ^hIM{t) = t"/"^ and '^ht{t) = t'"!"^ . So, up to 
substituting r with (see the remark after 2.13), we must check that FS takes 

^ux{xx) = (-A(s)-ilndM,^(exp(-a))) 

to 

"^h^xx) = ('"A(S)-ilnd,,,^(exp(-CA))). 

This follows from A.1.3, because FS'^ = id. 
A. 2. Induction. 

Fix h = {s,T,Q G H with ^ = r'^/^. Recall that r is not a root of unity, that 
s = (s,t), and that (ads) = (ads) o Ft- Fix a group homomorphism w : — » Q 
such that v{t) < 0. View G as the set of C-points of an ind-afSne group-ind-scheme 
in the usual way. For any group-ind-schcmc homomorphism (j) : SL2(C) — > G, let 
0' : s 12(C) g denote the differential at 1. Fix a nilpotent element e € M^. 

A. 2.1. Lemma. There is a homomorphism <j) as above such that 

(c) (ads)(a;) = (ad^^)(a;) for each x € 0'(s[2(C)). 

Set s^ = s0^S 0t,i = {x €g; (ads^)(a;) = tx, (ad^^)(a;) = Cx}, and 

(A.2.2) q = n = ~3t,^, I = ~3t,i. 

v{t)<0 v{t)<0 t>(t)=0 

A. 2. 3. Lemma, (a) The space q is a parahoric Lie subalgebra of g, n is its 

pronilpotent radical, and I is isom,orphic to the quotient Lie algebra q/n. 

(b) There are unique connected closed group-subschemes Q,N,L C G whose 
Lie algebras are equal to q, n, I respectively, such that Q is parahoric, N is the 
prounipotent radical of Q, and L ~ Q/N . 

(c) We have s^j, = {srj,,T) for some s^ € Tq. Further q ^ fl, the group L is 
connected reductive with simply connected derived subgroup, and the fixed points 
subgroups L^, are connected. 
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Proof : Lemmas A. 2.1 and A. 2. 3(a), (b) are proved in [VI, sec. 6]. For instance, the 
group Q is equal to the normalizer ol q in G. Let us concentrate on A. 2. 3(c). The 
element 6 e X may be viewed as a character of G such that 6{s) = r. 

To prove the first claim we must check that 6{s^) = t. This is obvious, because 
(pc; G (/)(SL2(C)), the group (/)(SL2(C)) is contained in the derived subgroup G of G, 
and the character 6 is trivial on G. 

To prove that q ^ 0, notice that, else, we have [ = g. Thus, if ^ a; e is such 
that (ads0)(.T) = tx then v{t) = 0. Now, since q = §, we can choose x so that it is 
a non-zero vector of weight S. Then we get v{d{s^)) = 0. This is absurd, because 
v{t) < 0. Since q ^ the group L is reductive. It is obviously connected. It is 
not difficult to prove that its derived subgroup is simply connected. Compare [SS, 
cor. II.5.4] for the finite type case. The other claims are standard by Steinberg's 
theorem. 

□ 

For a future use observe that 

(i) the elements e and / = 0' ( ° g ) belong to [, 

(ii) the eigenvalues of (ads) acting on 3(e), 3(/), q, n are in {t(^;i > 0}, {tC;i < 
0}, {tC;v{t) < 0}, {tC;v{t) < 0} respectively. 

For part (ii) notice that (ads) acts on gt^j by multiplication by the scalar tC and 
that by s[2(C)-representation theory the eigenvalues of (ad^^) acting on 3(e) are 
contained into {C]i > 0}. 

Let Bl be the flag variety of ( and BL,e = {b G Bl;^ € b}. Let II be the set 
of elements i <E I such that q contains a parahoric Lie subalgebra of type i. Let 
Hi C H be the subalgebra generated by the elements x\, tg^, with X € X , i G II- 
It is isomorphic to the afline Hecke algebra of the reductive group L. Thus it acts 
on the space Ht,{Bj^ g,C) as in [L2] (which is a modified version of the action in 
[KLl], [CG]). 

Let Wl C W be the Weyl group of L. For each right coset v G Wi:,\W^ let 
^Bv C B he the Q-orbit containing the set {bw',w G v}. Write ^B for ^Bwi\Wl- 
Set 

Me = {{,x,b)&N;xee + 3„(/)}. 

The same construction as in 2.4.3, using the homomorphism 2.4.4, yields a H- 
module structure on the vector space i/*(A1g , C). 

A. 2. 4. Proposition. There is an isomorphism ofR-modules 

Proof : The proof is modelled after [L2, thm. 7.11]. See also [VI, thm. 5.8] for 
another version. We'll give a direct proof, without using the concentration map as 
in [VI]. 

Put ^TV; ^J^n{qx^B^),JVL = {{x,b) G IxBl;x g b}, &nd^Me,v = M^n^K- 
Identify I with the quotient q/n. There is the vector bundle (of infinite rank) 

Pv ■■ J^L, {x, 6) (x + n, (6 n q + n)/n). 

We'll prove the following 
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(iii) the map py restricts to a vector bundle : ^^Agy — > g, 

(iv) we have H^M^ C) = H^^Ml,, C), 

(v) the H-action on /f,(A4e,C) yields a surjective C-linear map 

H ® H,{Bl^, C) ^ H^Mt C), x^y^x-r*^^ {y), 

(vi) the map in (v) factors to an isomorphism H Ht,{B'l g, C) H^{Mg, C). 
Let us concentrate on (iii). First, we prove that the variety 

is smooth. Set ^V^ = {(.x, b) G q'' x ^B'^;x e b}, = {{x, b) e x B'l;x e b}. 
The map 

p„ : ^ Vt (x, b) ^ (.T + n, (b n q + n)/n) 

is a vector bundle. Let c b(^ the canonical Cartan Lie subalgebra. We have c = 
b/[b,b] for each b <E B. Compare [CG, lem. 3.1.26]. The map 

,^:^V,^^c^ (x,b) ^ (x+ [b,b])/[b,b] 

is smooth, because it is the composition of the smooth map py : ^Vy ^ V'l and of 
the smooth map V'l c'', {x, b) i-^ (x + [b, b])/[b, b]. Set 

^Vi',, = {(x,b)e^V^xee + 3c,(/)}. 

Thus _ 

^A1^,, = {(a;,b)e^V,^,,;<5(a;,b)=0}. 

So, to prove that the variety ^M^y is smooth, it is enough to check that the 
restriction of 6 to ^V^v again smooth. The G^'-action on A/''* restricts to a Q^- 
action on ^Vy. The map d is constant along the Q^'-orbits. Hence it is sufficient to 

prove that the map 

(^.2.5) Q'' X ^V,^,„ ^ ^V^ (.9,x, b) ^ (ad.9)(,x, b) 

is smooth. The representation theory of sl2(C) implies that q = [q, e] ©3q(/). Hence 

q^=re((adQ'')e)©3,(/)''. 

Thus the set e + 3q(/)'' is a transversal slice to the Q'^-orbit of e in q'' locally near 
e for the analytic topology. Further, due to the contracting -action 

X (e + 3q(/)") ^e + 3q(/)\ {z, x) ^ z-\ad<f,,){x), 

the action map Q'^ x (e + jq (/)'') — > q'' is smooth. The smoothness of A.2.5 follows. 
Now, we have the following commutative diagram 

I I i Pv 

Since the left square is Cartesian, to prove that the left vertical map is a vector 
bundle it is enough to prove that so is the middle one. Now, recall the following 
basic fact, which follows from [BH, thm. 9.1]. 
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A. 2. 6. Lemma. If r : y ^ X is a vector bundle over a smooth variety with a 
fiber preserving linear -action with positive weights, and y C y is a -stable 
smooth closed subvariety, then r\y' is a subbundle ofy restricted to r{y'). 

Fix a group homomorphism 

such that (ad7) has positive weights on n''. The i'^-action on restricts to the 
trivial 7-action. Apply A.2.6 to r = py, y = ^V!^, y' = ^M^^, X = V^, and to 
the -action induced by 7. 

Then we prove (iv). Let < be the partial order on such that v' < v 

whenever is contained in the closure of ^B„. Set 

v'<v v'<v 

Since both are closed subsets of A^g , for each i we have an exact sequence 

(A2.7) Hi{'^Ml^^y,C) ^ ifi(^Al^,<„,C) ^ ff,(^A^;^C). 

Let 7 be as above. Let ^M.^'^, Ale'J be the fixed points subsets. The vector bundle 
r„ restricts to an isomorphism 

Thus, the pieces of the partition Ai'^''^ = ^AI^'J are both open and closed, 
yielding exact sequences 

^ Hi{^M'::l,,C) ^ Hii^M^^ll^X) - Hi{^M':'\C) ^ 0. 
So, a standard argument in equivariant homology using A. 2. 7 implies that 

v'<v 

We are done, because iJ»(Alg , C) is the direct limit of the subsets H^{^M^ 
Now, let us prove (v). Formula 2.4.6 yields 

for each z G J such that v < vsi, because the following holds : 

{x, b) e ^Al^, (x, b, b') G ATi: {x, b') e ^Ale^<.«r 

Compare [L2, sec 4.3, lem. 7.2]. So the map in (v) is well-defined, and we must 
check surjectivity. Let 

be the composition of r*, the action of —ttg^ — 1, and the restriction to ^M^ yg.. 
By induction it is enough to check that CTj is surjective if w < vSi. 
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Consider the open subset U!^. C consisting of all (x, b, b') such that (b, b') is 
G-conjugatc to (bi, b^J, and the open subset U C [N^Y consisting of all (x, b, x' , b') 
such that (x, b) G ^A^e>?) ^"^^ relative position of (fa, fa') contains the simple 
reflection Sj in any reduced expression. Here ^Aie,>v is defined in the obvious way. 
We have 

The axioms of a Tits system imply that the map p2 in the commutative diagram 

is invertible. Further, there are invcrtiblc elements a,b <E H^{Af^,C) such that 
the image of 2.4.6 in H^{Us^,<C) is equal to the restriction oi a®h. Finally, the 
varieties U f\Ug. and W fl A^g ^ x J^^) are smooth and intersect transversaly along 
Ug^^ n (-^Alg ,„ X TV''*). Therefore, given any invertible element ai, € H^{B*l,C) such 
that a~^rl{x) = r*{a2^x) for each x e g,C), we get 

<7i(a£^a;) = p2,* Wr*(a;)p2(&)) = P2,*P2(Ci(a;)6) =Ks,{x)b. 

We are done, because r„s^ is a vector bundle and b is invertible. 
Finally we prove (vi). The map in (v) factors to a surjective map 

(A2.8) U<»Hr.H,{Bl^,C)^H,{M':,C). 

We must check injectivity. The right CX-submodule H<„ C H spanned by the tyj's 
with w G v' and u' < w is a free right Hi-submodule of rank equal to the minimal 
length of an element in v. We claim that A.2.8 restricts to a surjective map 

(A2.9) H<, H^Bl^C) - H,{Ml^,,C). 

liv = Wl this is obvious. So this holds for any v by induction on the length, using 
the surjectivity of ai. The map A.2.9 is invertible, because both sides are finite 
dimensional vector spaces of the same rank by (iii), (iv). 

□ 

A. 2. 10. Corollary. Assume that fc < 0. We have an isomorphism oftl-modules 

Proof : Fix A; < and e = 0. Then s^ = s. Recall that g''^ is spanned by the e^'s 
such that a{s)T^ = r~'^, and q'^ by the e^'s such that a{s)T^ = t'^. Hence, since 
v{t) < and the Lie algebra n is spanned by the e^'s such that v{a{s)T^) < 0, we 
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have n'*^ = q^^ and n'» = {0}. Therefore Alf = Af^^ and = B^. So A.2.4 
yields the following isomorphisms 

{Af^' , C) ~ He (TV-f , C) , if * (B^ C) ~ H_e 0H^ (Bi C) . 

Further, since is an afHne Hecke algebra, it is well known that 

as Hi-modules, see [L4, sec. 7.20]. 

□ 

A. 2. 11. Remark. Let e = and h = hzl- Hence = {p{t'^),t). Therefore 

L = G'^ and q is spanned by the e^'s such that ca ■ p + £ > 0. Sec A.2.2. For each 
A € Vo,R the subspace of g spanned by the e^'s such that a • A + > is the sum 
'^xeAw be as in 3.4.3(a). We have 

({= ^ bw= ^ byj. 

Recall that WcWc = WcW^^ with Ac = ^(c/5), and that W^^ is a parabolic sub- 
group of W. Hence Q is the unique parahoric group of G of type W^^^ containing 
Byj^. In particular we have H^, = H^^ and B1 ^ = S^^. 

A. 3. Standard modules. 

We'll use the same notations as in section A. 2. Further, for all b € B we write 
B for Af(5(6), and u for the pronilpotent radical of b. Set 

Xl,+ = {X€X+;\-ai = 0, Vi e 7^} = Z>QCOi ZS, 
Xl,++ = {A g Xl,+; a • di > 0, Vi ^ 7l} = Z>ouJi Z6. 

For each A £ X+ let E{X) be the intcgrablc simple g-modulc with highest weight 
A. Notice that the g-action lifts to a G-action. The space E[X)'^ is one-dimensional 
iff A e Xl,+, and the normalizer of E{X)" in g is q iff A e Xl,++- 

If b e B then B acts on the line £;(A)". If b e B* then s € B, hence the numbers 

rx{s,b) = tTE(x)u{s) e C^, vxis,b) = v{rx{s,b)) G Q 

are well-defined. We'll abbreviate v{s,b), r(s, b) when no confusion is possible. 
Notice that r(s, b) is also the trace of the action of s on the fiber of Ob(A) at b. 

A. 3.1. Lemma. Let A G X+ and k <0. 

(a) The number = v{s^, b^) is independent on the choice of b^ G ^B^* . 

(b) IfbeBl thenv{s,b) > v^. 

(c) IfXG Xl,+ and b G ^Bl then v{s, b) = v^. 

(d) IfXG Xl^++, b G Bf, and v{s, b) = V4, then b G ^Sf . 
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Proof : Setting E{X)t = Ker (s^ — tidE{x)), we get 
£;(A) = iJ(A)„ n{E{X),)G E{X),,, q(i;(A),) C E{X),,. 

teCx v{t')<v{t) v{t')<v{t) 

Thus the set {v{t); E{X)t ^ 0} is bounded by below because -E(A) is highest weight. 
Let v'^ be the minimum, and E{X)^ = 0„(t/)=„_^ E{X)t'. Observe that 

E{Xy C E{X)4, C E{XY, Vb C q. 

For each y G E{X) we set y = with j/j e E(X)i. 

Now wo prove (a). For each G ^B"* we have b^ C q, hence E{X)"* C E{X)^. 
Thus v^^v'^. 

Next we prove (b). For each b G y G -B(A)" we have 

s{yt) = s{y) = r(s, b)y = ^ r(s, b)yt. 
t t 

Since s commutes with s^, this yields s{yt) = r{s,b)yt- Hence 

r(s, b)yt = s^MVt) = HdVt)- 

Since e G u we have e(y) = 0. Since e commutes with s^, this yields e{yt) = 0. 
Thus, if yt 7^ the representation theory of s^lC) implies that r(s, b) = iC* for 
some i >Q. We have v{C,) > 0, because k,v{T) < 0. So b) > v{t) > v^. We 
have proved (b). 

Next we prove (c). Assume that A G Xl,+. Fix b G ^B^ and b^ G ^B^'*. We 
have i;(A)" c E{X)'', because b C q. So EiX)" = E{X)", because E{X)",E{X)'' 
are both onc-dimcnsional. Hence r(s, b) = A(s). For the same reason we have also 
i~{S(j),b^) = A(s^). Since ^(SL2(C)) is contained into the derived subgroup of Q 
and A is the restriction of the character of Q acting on the line i?(A)'\ we have 
'^(0c) = 1- •^(^) ^ K^4>)- Therefore v{s, b) = v{s^, b^) = v^. 

Finally we prove (d). Assume that A G Xl,++ and that b G H| is such that 
v{s,b) = Vcf,. The proof of (b) implies that for each y G E{X)^ and each t such 
that yt 7^ we have v{s, b) > v{t) > v^. Since v{s, b) = this yields v{t) = v^, 
hence y G £;(A)0. Therefore, we have E{XY C ^(A)^. Since E{X)^ C £;(A)" and 
dimi;(A)" = dimi;(A)" = 1, we have E{XY = E{XY. Therefore b C q, because 
A G Xl,++- 

□ 

A.3.2. Corollary. If k < the subset ^Bl C S| is ZQh(e) -stable, open, and 

closed. 

Proof : The Lie algebra of ^^^(e) is contained into 0j>o0c-%i by A.2(ii). Since 
fc < we have > 0. Thus the Lie algebra of ZQh{e) is also contained into 
q. Thus ^i3p is Z^,, (e)-stablc. Choose an clement A G Since the function 

b I— > v\{s,b) is constant on the connected components of S|, each component is 
either contained in or disjoint from it by A. 3.1. 

□ 
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For each representation x of the finite group A{h, e) which is a Jordan-Holder 
factor of Ht,{Bl, C) we set 

Nh,^ = Hom^(ft,e)(x,^f*(Bf,C)). 

The algebra H acts on the space Nh,x- 

In the rest of this section we'll assume that fe < 0. Then, the group Z^uie) acts 
on ^Bl by A. 3. 2. Hence the finite group A{h,e) acts on Ht,{^Bl,<C) and we may 
set 

^AT^.x = Hom^(ft,e)(x,^f*(^Sf,Q)- 

Recall that each irreducible G'*-equivariant local system x e A/i is supported on 

a nilpotent orbit O C TV*, and, taking the stalk at an element e 6 O, yields an 
irreducible representation of the finite group A{h, e) which is a Jordan-Holder factor 
of i?*(Sf , C). We'll call Nh,^ a standard module (if fc < 0). 

A. 3. 3. Proposition. If k < then ^Nh,x is a simple HL-submodule of Nh,x- 
Further there is an isomorphism of fi-modules 

Proof : Consider the standard Hi:,-module 

NL,h,x = Hom^(^,,)(x,/f*(ei,e>Q)- 

By A. 3. 2 we have ^Nh,x C Nh.x- Further ^Nh^x is preserved by the action of the 
subalgcbra of H, and the map Bl.c ~> ^Be, fa — > b ©n yields an isomorphism of 
Hi-modules Nlji.x — > ^Nh,x- Since = §1,2 and Lie(i'') = §1^0 the (adL'')-orbit 
of e in l'^ is open, by [K4, thm. 4.2]. Thus NL,h,x irreducible. This implies the 
first claim. 

The second one follows from A. 2. 4, because $n{f)^ = {0} by A.2(ii) above and, 
thus, M'^ = Bl- 

□ 

A. 3. 4. Proposition. Ifk<0 the standard module Nh,x has a simple top isomor- 
phic to Lh,x- 

Proof : The quotient map A^/j,^ —>■ Lh,x is as in 2.5.2. The standard module is the 
direct sum of the subspaces 

where the B^j's are the (e)-saturated sets generated by the connected compo- 
nents of B^. By A.3.2 we have 

Nh,x = '^Nh,x®^Nh,x, 

where f^Nh,x = Y.j ^h,x,j for all j such that B^j n = 0. 

Let M c Nh,x be a proper H-submodule. The spaces ^Nh,xj ^^h,x sums of 
weight spaces of A^/i,x, and any weight space of Nh,x is contained either in ^Nh,x 
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or in ^Nh,x- Thus any weight space of M is contained either in ^Nh,x or ^^h,x^ 
yielding a decomposition 

M = ^M® ^M. 

Since M ^ Nh,x we have also ^ ^Nh,^ by A.3.3. Thus = by A.3.3 again. 
Hence the sum of all proper H-submodules of iV/j,^ is contained into ^M, so it is 
proper. We are done. 

□ 

A. 3. 5. Corollary. If k < any module in Irr(0(Hc)) is the top of an induced 
module H (g)Hi ^^h,x for some subset II C /. 

Proof: Follows from A.2.3(c) and A.3.3, A.3.4. 

□ 

Therefore, using the involution IM we get the following. 

A. 3. 6. Corollary. Any module in Irr(0(Hc)) is the top of a module induced from 
Hi for some subset II C /. 

A. 4. Weights of simple modules. 

We'll use the same notations as in section A. 2. 

A. 4.1. Proposition. IfM,M' G 0{lic) are simple modules with the same weights, 
then M c=L M'. 

Proof : Since M, M' are simple with the same weights there is an element h = 
(s,T, C) e H such that M,M' G 0/i(H). Up to twisting both modules by IM we 
can assume that fc < 0. So there are x, x' G such that M = L^^x ^■'^d M' = I/h,^'- 
Fix nilpotent elements e, e' e such that X) x' are supported by the G''-orbits of 
e, e' respectively. Using respectively e and e', fix group homomorphisms <f), <j)' and 
Levi subgroups L,L' C G as in A.2.2. Then M,M' are the top of the H-modules 
A^/i,x, ^h,x' respectively by A.3.4, we have 

Nh,x = H Ohx, ^Nh,x, Nh,x' = H ^' Nh,x', 

and ^Nh^x' ^ ^h,x' a'"® simple modules over H^,, H^/ by A.3.3. Further the weights 
of ^Nh^xj ^ ^h,x' ^-^s weights of M, M' respectively by the proof of A.3.4. 

A. 4. 2. Lemma, (a) We have Hl = Hl/. 

(b) The a.L-modules ^Nfi^x, ^ ^h.x' have the same weights. 

Therefore, since L is a proper subgroup of G by A. 2. 3(c), we have ^N^^x = ^ ^h,x' 
by [EM, thm. 5.5] and A.4.2(a). Thus M ■:^M'. 

□ 

Proof of A. 4. 2 : For each A e X+ the number Vx{X) = v\{s^, b^) is independent of 
the choice of the element € ^B^'i' by A.3.1(a) and is additive with respect to A. 
Consider the linear forms Vx,Vs G such that 

Vx{X)=Vx{X')-Vx{X"), vs{X)=v{X{s)), VA G X, 

with A = A' — A" and A', A" G X+. Let hi = (Si, C) be a weight of Nh,x- We have 
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(i) v^{—ai) = if i € II, and v^{—ai) > else, 

(ii) if A e X+ then vg^ (A) -v^{X)>0, 

(iii) if A € and hi is a weight of ^Nh^x t^ci^ ^si (''^) = %('^)) ^■'^d if A e 
and i'si(A) = ^^(A) then hi is a weight of ^Nh^x ■ 

Indeed, let b,^,i be the parahoric Lie subalgebra of type i containing b^. Then 

li i E II then b^,i C q, because C q. Thus bc^.i/b^ C (b0,i n l)/{b^ fl I). So 
aj) = by definition of I. If i ^ II then b^^j {Z^ q. Thus Vx{—ai) > by 
definition of q. This proves (i). 

Let Nh^xJ' ^e,j the proof of A. 3. 4. For any b € the element G H 

acts on Nh^xJ ^ scalar multiplication by rx{s, b) times a unipotent operator. Thus, 
since hi is a weight of the module Nh^x there is a Lie algebra b € S| such that 
Usj(A) = wa(s, b). So (ii) follows from A. 3. 1(b). 

Further hi is a weight of ^Nh.x iff it is a weight of H^,{^B'l,C), i.e., iff there is 
a Lie algebra b € ^B^, such that fSi(A) = wa(s, b). So the first part of (iii) follows 
from A. 3. 1(c), and the second one from A. 3. 1(d). 

Now, we define a function in the same way as Vx, using instead of cj). 

A. 4. 3. Lemma. We have Vx = Vx'- 

We have II = II' by (i) and A. 4. 3. Part (a) is proved. We have the following 
inclusions of sets of weights 

wt{^Nh,x) C wt{M) = wt{M') D wt{^Nh,x'), wt{M) c wt{Nh,x) n wt{Nh,x')- 

Fix A e Xl^j^^ and assume that hi is a weight of M. Then (ii), (iii) imply that hi 

is a weight of ^Nh,x iff have Wsi(A) = ^^(A), and that it is a weight of ^Nh,x' 
iff we have fsi(A) = Vx'{X). So (b) follows also from A. 4. 3. 

□ 

To prove A. 4. 3 we need two geometric lemmas. Let TL = {v E V^; 5{v) = v{t)}. 
Recall that v{t) < 0. For each subset J C / set 

Notice that TLj C Ti. Let p : Vr ^ ^"^j be the projection along R(5. 

A. 4. 4. Lemma, (a) We have Ti — Wj^jTLj . 

(h) For each v e Hj with J I the decomposition v — v- + v+ with v- G Ti-j,-, 
v+ G is unique. 

(c) If V G H then gH. The map v V- factors to the projection w : Vq^u — * 

A relatively to the scalar product ( : ) . 

Proof : To prove claim (a) it is enough to check that pCH) = ]Jjci Pi^^j)^ because 
Hj^- +R6 = Hj^- for all J. A little attention shows that this follows from the 
following geometric lemma (left to the reader). Fix generators Ai, i £ I, of the 
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vector space M.^" such that Ai = 0. Fix hnearly independent vectors Bi G 
iJ2jjti^>o^j) {1} with i £ I. The convex polyhedral cones 

(0 M>oS,) + (0M>oA,) 
iei\J ieJ 

with J C. I form a partition of the set x M>o. 

To prove claim (b) it is enough to check that for all J C / the vector subspaces 
0jgjIRdi, 0j^jIRwj©M(5 intersect trivially. Since these subspaces are orthogonal 
to each other for the bilinear form ( : ), any element v in the intersection is a sum 
X + yCb{) + z5 with x S Vo,Ri y,^ & ^-nd [x : x) -\- 2yz ~ 0. Since v S / IRcti, 
we have y = 0. Thus a; = because ( : ) is positive definite on Vq.r- Thus z = 
because J ^ I. 

Now we prove (c). Observe that piTi) — Vo.R + v{T)Cb{). Thus the map v + 
u(r)a;o i— > u(r)~-^u yields an isomorphism (j) : piTi.) — » Vo,r. Set = 1 — 9 (an affine 
function on Vo,r), and 

^ = {a; G Vb,K; ai{x) >0,Vi€ I}, Aj = {x € A; ai{x) = -4=4- i e J}. 

For each J C I we have p{Hj^-) = v{t){Aj + ojq). So 

= ^j, M]l nj,-) = A. 

JCI 

Notice that A^ is the alcove A. We have {v + y6)- = V- + y6 for each v € H, 
y G M., because + IRi5 = Wj,-. Thus the map H ^ H, v V- factors to a 
map Vo,E ^ A. 

The projection of a; e Vq^r to the convex set A is the unique element Tr{x) S A 
such that one of the following identities is satisfied 

(iv) - 7r(a;)|| = min{||x - x'\\:x' G A}, 

(v) {x - tt{x) : x' - tt{x)) < 0, Vx' G ^. 

Given J I and ii G Tij, we must prove that (j)p{v-) = iT<pp{v). Since (/'p(t') — 
(l)p{v-) G — we must check that 

(d, : x' - > 0, Vi G J, Vx' G .A. 

Since 4>p{v-) G we have 

x' - #(^-) G {a; G Fo,r; ai(x) > 0, Vi G J}. 

We are done. 

□ 

A. 4. 5. Lemma. I/v'gH and v — v' G 'Hi^+ then V- — v'_ £ 'Hi,+ - 

Proof : An easy induction on the cardinal of the minimal set J such that v — v' G 
'Hj^+ shows that it is enough to assume that 
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with io G /. Since v' e H and v — v' € we have v £ H. Fix J, J' such that 

V e Wj, v' e H,/'. We'll use the same notations as in the proof of A. 4. 4(c). Write 
also ao for —0, and Hj^± for {—Hj^+) LiHj^+. 

Given an element i & I, consider the convex polyhedral cone 

Ci = {xG Fo,r; a-j{x) > 0, Vj 7^ i} 

whose origin is the vertex Xi (z A opposit to the face A^iy. Put Vj" = (j)p{T^J") 
and V = Ui^j" ^J"- If a; G Vj" then a; — 7r(x) e — and ■k{x) e ^j" by 
A.4.4(c). Hence if i ^ J" then 

(a; - 7r(a;) : a;' - 7r(a;)) < 0, W G Ci, 

because (dj : x' — tt{x)) > for all j £ J". Thus, since J[ C Cj, the restriction of 
the map tt to V* is the projection to d. 

Hi ^ J' for some i ^ iq then we have also i ^ J, because 

- G M<oai„ V* + K<oai, C V, M^') G V'. 

Therefore the projections of (ppiv), 4>p{v') to A coincide with their projection to C,. 
Hence 

- (l>p{v'_) € ^]R<oaj 

by [CI, cor. 1.12]. Thus we have 

Since we have also v — v' € and € 'H/^ij}^^, this yields 

Now, assume that J' = I \ {io}- So 4>p{v'_) = a;^^, because (j)p{v'_) G and 
-^7' = {a^io}- The cones Y^j^j,, M<oaj, with J" C 7, form a partition of Vo,m- Since 
<f)p{v-) e ^ the element, (i)p{v^) — Xig belongs to the set t^,R \ X^j^jj, IR<oaj. Thus 
we can fix an element i ^ io such that 

(A.4.6) M^-) - s^io e X! ^<oaj- 

From A. 4. 6 we get 

V- -v'_ e M(5 + H/\{,},+ . 
Since v — v' € w+ G and G , this yields 

w_ - t;^ G (R5 + ni\{i},+) n - 

If (l)p{v-) ^ ^{j} then i ^ J, because else we would have Aj C A^i}- So in this 
case we get 
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lf(j)p{v-) € then (j)p{v^), Xi„ both belong to ^{i}- Thus (j)p(v^) = Xi^ by AA.6, 
because ai{dj) < for each j / i. Therefore we get V-—v'_ € R6, v — v'£ H^i^y^^, 
and v+,v'_^_ G Ti.j',+, yielding 

□ 

Proof of A. 4. 3 : Let h' be a weight of M. From (i), (ii), (iii) above we get 

(vi) v^{ai) =0 if i £ II and v^{ai) < else, 

(vii) v-)('{ai) = if i G II' and v-)^'{ai) < else, 

(viii) if A e then t;5'(A) > v-^{X),v-^'{X), 

(ix) if A G -'^L,+ and h' is a weight of ^Nh,x then Us'(A) = Vx{X), 

(x) if A £ and h' is a weight of ^ A^/i.^' then ?;s'(A) = Vy^i{\). 

Now, assume that /ii, h'l are weights of M (i.e., of M') such that hi is also a 
weight of ^Nh,x and /i'^ is also a weight of ^ Nh',x'- Identify with Vr via the 
pairing 1.0.3. We have 

vs,{S) = vs[{6) =v{t). 
Since ±5 G from (viii) we get also 

So v^, Vs^, vy , Wg'^ may be viewed as elements of Ti. We have G by (vi), 

and — 'f^x ^ by (viii), (ix). Thus = (ugi)-- In the same way we prove 

that = (fg'^)-. We have also (w^')- = ^x'' ~ ^X' ^^"^ ^''^X'''^si ~'^x' ^ 

by (viii). Thus v^i — v^,v^ — v^i G ^7,+ by A. 4. 5. Therefore = v^i. 

a 

A. 4. 7. Remark. Lemmas A. 4. 4, A. 4. 5 arc affinc analogues of two well-known lem- 
mas of Langlands. See [BW, 1cm. 6.11, 6.13] and [KLl, sec. 2.10, 7.11]. The latter 
can be interpreted in terms of orthogonal projections of weights on the Wcyl cham- 
ber as in [CI, sec. 1]. We do not know if our lemmas have a similar interpretation 
(in the afRne case the invariant form is not positive). 

A. 5. Index of notation. 

: c,k, m, K, K, A, C,,*, Q, C«, 

1.0 : Wo, N, n, 

1.1 : EN, RN, Wo[m], 

1.2 : Ti, T, A,, F, Fr, F^, 

1.3 : TN, TNS, RS, HRS, ERS, HERS, s, cr, fn, Bq, , Uq, , bo, bo > "o, Ug , 

2.1 : H, H, To, f, T^, h^, hi, h\ h\ h = (s,t,C), S = (s,t), H, H, P, Pt, P^, 

Ao,(fe), A(^), Are,(ft), H(ft), 

W(h), /\ J^ A;,, Wh, t?a, ^s^, 

2.2 : a, CKa], M;,, H', mod(H;^)„„i, IM, CF, OP, V^,, S^, S„ S;^, S;^, TU, TtL' , 

Pk, 

2.3 : H", mod(H;f)™i, L^, L^, Lt, 
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2.4 : b„ b^, b^,„ C^„, C,^ G, Gd, G, N, Af, B, B^^, Af^ J^, Af^^^^, Af^, 

^s.,G^'°, G^ 7r\ B^, A+, B\ B^, W\ hh, OyiX), O^iX), K{Kf^), 
H*{M^), $, ch, A{£), ecox, Mw,{,), 

2.5 : Ch,w, Ch, Lh,w,xi Lh,x, ^h,w, ^h, A{h,x), A{h,x)+, A{h,x)°, 
2.6: FS,x\ 

2.7: Px,c, Ptf,„ 

3.1 : Wm, Wm, G'S', 0™> ^o, ao, ac, A{m,xo), A{m,xo)°, Am, A'^, v, 

3.2 . -^Wl ^C,WJ ^C^WJ 

3.3 '. '^h.wj 

3.4 : 14, V+, V-, Vh,Rs, A, A,, 2t, 2t^ Hj,, W-^, w„ K, H^, 

3.5 : i, 

A.l: Res^,^,Ind,,,„,^|^a^6^(i^c^Ext ^ 

A.2 : p„, r„, Wl, ^By, Bl, BL,e, Afh, Me, ^Me,v, ^Me,v, c, q, I, u, (j), s^, 7^, 

A.6. Remarks on [VI] (by E.V.). 

In this section we'll use the same notations as in [VI]. One source of technical 
problems in loc. cit. was the fact that the scheme in Section 2.4 may be not 
separated. Several people (including A. Bravermann) told us that, since the group 
G is of afRne type, this can't occur. Therefore, in Appendix A (and at each place 
where it is used in the paper) one may assume that the scheme X is separated. The 
reason for that is the following (details are left to the reader). 

First, since the map -k\, : X ^ X'' factors to a smooth morphism '^X^ — > '^X'''^ 
with separated fibers, it is enough to prove that the scheme 

«'A'^.'= = i7^-(C)\^A'^ 

is separated. For each > we'll set \Xk = ■ u^. See loc. cit., sec. 2.10. Then the 
group-C-scheme is such that (C) =G{e'''^^A). See loc. cit., sec. 2.2. 

Now, the C-scheme X'' represents the functor associated to the set of G-torsors 
over P-*^ with a trivialisation on the formal neighborhood of {0}. Thus ^ X^'^ is an 
open subset of the scheme representing the functor associated to the set of pairs 
(■p, (j)), where P is a G-torsor over and ^ is a trivialisation of the restriction of 
V to the subscheme 

^ = Spec(A/£'=+iA) CP^ 

Here e is identified with a local coordinate on P^ centered at 0. Fix a faithfull finite 

dimensional rational module V of G. Consider the vector space W = V C[^]. 
Restricting the sections of the vector bundle ^ on to the subscheme ^ 

yields a map ^ from ^X^''' to the Grassmannian Gr(W^) of W. The fibers of ip 
embed in a Quot scheme. So '^X^''' is separated. 

Further, the following corrections should be made in loc. cit. : 
p 280 : in line 9, replace the definition of A^ by "Ag = {a G A;adae = e,ado/ = 

rvr- 

p 299 : replace the first 2 fines after CLAIM 2 by "Taking now Sb = A/" n (b x S), b 
instead of S^,5^ the same proof as for Theorem 5.8 (with e = 0, </) = 1), yields 
an isomorphism of H^-modules K^{S^) = (8)r^ Co." Then replace by 
Sb at each place until CLAIM 3. 

p 308 : in line 1, replace "Z/&Z" by "Z/(r + 1)Z". 
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